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Abstract. Let K be a non-archimedean local field, X a smooth and proper
K-scheme, and fix a pluricanonical form on X. For every finite extension K′
of K, the pluricanonical form induces a measure on the K′-analytic manifold
X(K′). We prove that, when K′ runs through all finite tame extensions of K,
suitable normalizations of the pushforwards of these measures to the Berkovich
analytification of X converge to a Lebesgue-type measure on the temperate
part of the Kontsevich–Soibelman skeleton, assuming the existence of a strict
normal crossings model for X. We also prove a similar result for all finite
extensions K′ under the assumption that X has a log smooth model. This
is a non-archimedean counterpart of analogous results for volume forms on
degenerating complex Calabi–Yau manifolds by Boucksom and the first-named
author. Along the way, we develop a general theory of Lebesgue measures on
Berkovich skeleta over discretely valued fields.
1. Introduction
Let K be a local field, X a smooth and proper K-scheme of pure dimension, and
θ a pluricanonical form on X. A case of particular interest is when X has trivial
canonical bundle and θ is a nonzero global section of the latter. The set of K-points
on X has a natural structure of a K-analytic manifold, and the pluricanonical form
θ induces a pluricanonical measure on X(K) that we denote by |θ| (see Section 6.3).
Now assume that K is non-archimedean, that is, a field of Laurent series over a
finite field, or a finite extension of Qp for some prime p. For every finite extension K ′
of K, there is a natural continuous map piK′ : X(K
′) → Xan from the K ′-analytic
manifold X(K ′) to the Berkovich analytification Xan of X. The aim of this paper
is to study the asymptotic behavior of the pushforward
mK′ := (piK′)∗|θ ⊗K K ′|
of the measure |θ ⊗K K ′| to Xan as K ′ runs through finite extensions of K.
Fix an algebraic closure Ka of K, and let EaK be the set of finite extensions K ′ of
K in Ka, ordered by inclusion. Let EurK be the subset of EaK consisting of unramified
extensions, and let Kur be the union of all extensions in EurK (that is, the maximal
unramified extension of K in Ka).
Main Theorem. Assume X admits a log smooth model over the valuation ring
R in K. Then there exist Lebesgue-type measures λa and λur on Xan, and positive
constants caK′ and c
ur
K′ for K
′ in EaK and EurK , respectively, such that
lim
K′∈EaK
caK′ mK′ = λ
a, and lim
K′∈EurK
curK′ mK′ = λ
ur
in the weak sense of positive Radon measures on Xan.
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2 MATTIAS JONSSON AND JOHANNES NICAISE
This result is an amalgam of Theorems 6.4.2 and 6.6.2, where the reader can
find more precise statements. For the sake of this introduction, we only make the
following remarks.
First, the measure λa is supported on the top-dimensional part of the
Kontsevich–Soibelman skeleton Sk(X, θ) ⊂ Xan of (X, θ) [KS06, MN15], defined
as the closure in Xan of the locus where a certain function, the weight function wtθ
attains its infimum, see Section 2.2. If X has a log smooth (or merely log regular)
model, then Sk(X, θ) is nonempty and carries a natural piecewise integral affine
structure, and thus a natural Lebesgue measure (see Section 5.1); the measure λa
equals the Lebesgue measure on the top dimensional part of Sk(X, θ), suitably
weighted to make it well-behaved under tame finite extensions of the base field K;
we call it the stable Lebesgue measure. The constants caK′ in the Main Theorem
are given by
caK′ =
qw[K
′:K]
ed
,
where q is the cardinality of the residue field on K, e = e(K ′/K) is the ramification
index, w = inf wtθ, and d is the dimension of Sk(X, θ).
Second, the unramified version of the convergence result in the Main Theorem is
of course only interesting when X(Kur) 6= ∅, but it holds without the assumption
of the existence of a log smooth model of X. The measure λur is a finite atomic
measure supported on the Shilov boundary Sh(X, θ) of (X, θ), see Section 2.3. We
have
curK′ = q
wur[K′:K],
where wur is the minimum of wtθ over the points in X
an whose residue field is
unramified over K. If X admits a log regular model, then Sh(X, θ) is equal to the
set of integral points of Sk(X, θ).
It is generally believed that X admits a log smooth model after base change to
a finite extension of K. Without such a base change, one can only hope for the
existence of a log regular model (this is equivalent to the existence of a strict normal
crossings model, which would follow from embedded resolution of singularities over
the excellent ring R). We establish a variant of our main theorem under this weaker
assumption by considering tame extensions of K. Let EtK ⊂ EaK be the set of tame
finite extensions of K in Ka. Assuming that X admits a log regular model over R,
we show that
lim
K′∈EtK
ctK′mK′ = λ
t,
where λt is the restriction of λa to the closure Skt(X, θ) of the set of Z(p)-integral
points of Sk(X, θ), and ctK′ is defined in the same way as c
a
K′ , replacing d by the
dimension of Skt(X, θ). When X has semistable reduction, the measures λa and λt
are both equal to (unweighted) Lebesgue measure on the top-dimensional part of
Sk(X, θ), whereas λur is a sum of Dirac masses on the integral points of Sk(X, θ).
A variant of our theorem for non-local fields is given in Theorem 7.3.1.
We deduce these results from a general study of Lebesgue measures on skeleta
over arbitrary discretely valued fields, combined with the theory of weak Ne´ron
models and the Lang–Weil estimates. Our theory of Lebesgue measures on skeleta
is of independent interest, and generalizes the natural metric on the dual reduction
graph of a smooth and proper curve over K (see Section 5.5).
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Example: the Tate elliptic curve. Let us illustrate the Main Theorem for the
example of the Tate elliptic curve given by
(*) X = {xyz + 2(x3 + y3 + z3) = 0} ⊂ P2Q2
over K = Q2. This simple example illustrates some of the phenomena in the general
case.
Equation (*) defines a semistable model X over R = Z2 with trivial relative
canonical bundle ωX /R. Let θ be a generator of ωX /R. The Kontsevich-Soibelman
skeleton Sk(X, θ) coincides with the skeleton Sk(X ) of X and is homeomorphic
to a circle. The Shilov boundary Sh(X, θ) consists of the three vertices of Sk(X ),
corresponding to the irreducible components of the special fiber ofX . See Figure 1.
We have a canonical continuous retraction
ρX : X
an → Sk(X ) = Sk(X, θ).
The measure mK is supported on the Cantor set X(K) ⊂ Xan, which is isomorphic
as a K-analytic manifold to a union of three open unit balls in K (the fibers of the
three smooth k-rational points on Xk under the reduction map X(K) → Xk(k)).
This isomorphism identifies |θ| with the Haar measure with mass 1/2 on each of
these open balls. The pushforward (ρX )∗mK is an atomic measure on Sh(X, θ),
giving mass 1/2 to each point.
Figure 1. The picture shows the Berkovich analytification Xan of
the Tate elliptic curve X over Q2 defined by (*). The circle is the
Kontsevich-Soibelman skeleton Sk(X, θ), and the three vertices on
the circle form the Shilov boundary Sh(X, θ). The measure mK
induced by |θ| is supported on the Cantor set formed by the
endpoints.
Now consider a finite unramified extension K ′/K. The image of X(K ′) in Xan
is a Cantor set that still retracts to Sh(X, θ), so r∗mK′ is still a finite atomic
measure supported on Sh(X, θ), see Figure 2. However, any connected component
of Xan \ Sh(X, θ) only carries a small fraction of the total mass of mK′ . This
explains why the limit measure λur in the Main Theorem is a sum of Dirac masses
at the three points in the Shilov boundary of (X, θ).
Finally consider a ramified extension K ′/K. The image of X(K ′) in Xan is
then a Cantor set that retracts to a finite but possibly large subset of Sk(X, θ), see
Figure 3. Any connected component of Xan \ Sk(X, θ) carries only a small fraction
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Figure 2. The endpoints in the picture is a Cantor set that equals
the support of the measure mK′ on X
an, where K ′ is an unramified
extension of Q2 of degree two.
of the mass of mK′ if [K
′ : K] is large. This explains why the limit measure λa in
the Main Theorem is equal to Lebesgue measure on the circle Sk(X, θ).
Figure 3. The endpoints in the picture is a Cantor set that equals
the support of the measure mK′ on X
an, where K ′ is a ramified
extension of Q2 of degree two.
Related results.
The Lang–Weil estimates. Our convergence results can be viewed as a non-
archimedean analog of the Lang–Weil estimates for varieties over finite fields. Let
F be a finite field, and let X be an integral proper F -scheme, of dimension n. We
endow F with its trivial absolute value and denote by Xan the analytification of
X. Let η be the point of Xan corresponding to the trivial absolute value on the
function field of X; this point plays the role of the skeleton of X. We denote by
q the cardinality of F , and we fix an algebraic closure F a of F . It follows easily
from the Lang–Weil estimates that, as F ′ ranges through the finite extensions of
F in F a, ordered by inclusion, the pushforward to Xan of the normalized counting
measure
q−n[F
′ : F ]
∑
x∈X(F ′)
δx
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on X(F ′) converges to a weighted Dirac measure supported at η. The mass of
this measure is equal to the number of geometric irreducible components of X.
We will prove this result as a toy example in Section 6.1. In fact, the Lang–Weil
estimates are a crucial ingredient for our convergence results over non-archimedean
local fields; the passage from non-archimedean local measures to point counting
over finite fields occurs through the theory of weak Ne´ron models (see Section 2.3).
Convergence of complex volume forms. An important motivation for this paper are
analogous results on the convergence of volume forms on degenerating families
X → D∗ of complex Calabi–Yau manifolds, obtained by Se´bastien Boucksom
and the first-named author in [BJ17]. They can be interpreted as a measure-
theoretic version of a fundamental conjecture of Kontsevich and Soibelman [KS06]
on the collapse of Ricci-flat metrics in projective maximally degenerating families,
motivated by mirror symmetry. In [BJ17], the limit measure lives on the
Kontsevich-Soibelman skeleton, and the convergence takes place in a suitable hybrid
space obtained fromX by inserting a Berkovich space as central fiber. In the present
work, the convergence takes place directly in a Berkovich space.
Igusa zeta functions and motivic measures. If K is a complete discretely valued
field with infinite residue field, then K is not locally compact and no longer carries
a Haar measure. The natural generalization of Haar measures in this context is the
theory of motivic integration as developed in [LS03]. The behavior of the motivic
volume under finite extensions of K is encoded in Denef and Loeser’s motivic Igusa
zeta function via its interpretation in [NS07]. If K has equal characteristic zero, the
leading asymptotic term of the motivic zeta functions of Calabi-Yau varieties was
studied in [HN17], and the relations with the Kontsevich–Soibelman skeleton are
highlighted in [HN17, 3.2.3]. These results should be viewed as a geometric version
of our convergence statements for non-archimedean local fields. Closely related
results over p-adic fields had already appeared in the literature in a somewhat
different setting, especially in the work of Chambert-Loir and Tschinkel [CLT10].
Philippon’s work. It was pointed out to us by Antoine Chambert-Loir that an early
trace of our main results can already been found in Philippon’s paper [Ph94]. Let K
be a p-adic field, and denote by q the cardinality of its residue field. For every finite
extension K ′ of K, denote by µK′ the Haar measure on the closed unit polydisc
in Kn. Then the formula at the bottom of page 1049 in [Ph94] implies that, as
K ′ ranges through the finite extensions of K in a fixed algebraic closure of K, the
pushforward of the measure µ′K to A
n,an
K converges to the Dirac measure supported
at the Gauss point of the closed unit polydisc in An,anK .
Structure of the paper. Section 2 contains some preliminary results and facts
about Kontsevich–Soibelman skeleta and weak Ne´ron models. In Section 3, we
collect auxiliary results on logarithmic models to be used in the remainder of the
paper. The technical heart of the paper consists of Sections 4 and 5, where we
define Lebesgue measures on Berkovich skeleta and study their properties under
finite extensions of the base field K. For technical reasons, it is convenient to work
not only with strict normal crossings models, but, more generally, with log regular
models, building upon the theory developed in [MN15] and [BM17]. In Section 6, we
prove our convergence theorem for measures associated with pluricanonical forms
over non-archimedean local fields (Theorems 6.4.2 and 6.6.2). These provide a
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precise version of the Main Theorem above. Finally, in Section 7 we prove an
equidistribution result for Shilov boundary points associated with weak Ne´ron
models (Theorem 7.3.1), which can be viewed as a version of our main theorem
over discretely valued fields that are not necessarily locally compact.
Acknowledgements. The origin of this paper is a question by Antoine Chambert-
Loir, raised in a discussion with Se´bastien Boucksom and the first-named author.
We are grateful to him for sharing this question, and to Se´bastien Boucksom
and Joe Rabinoff for fruitful discussions. Johannes Nicaise is supported by long
term structural funding (Methusalem grant) of the Flemish Government. Mattias
Jonsson is supported by The second author was partially supported by NSF grant
DMS-1600011 and the United States—Israel Binational Science Foundation. We
thank these institutions as well as the Simons Foundation for organizing the
symposium where this work first originated.
2. Preliminaries
2.1. Notation and conventions. We denote by R a complete discrete valuation
ring, with quotient field K and residue field k. We denote by p the characteristic
exponent of k and we choose a uniformizer $ in R. We also fix an algebraic closure
Ka of K, with valuation ring Ra, and we denote by Rur the maximal unramified
extension of R in Ra. The residue field of Rur is a separable closure of k, which we
denote by ks. We write Kur for the quotient field of Rur. If k is finite, then we will
denote its cardinality by q.
A finite extension K ′ of K is called tame (or tamely ramified) if the ramification
degree e(K ′/K) of K ′ over K is prime to p, and the residue field of K ′ is a separable
extension of k. The union of all tame finite extensions of K in Ka is called the
tame closure of K in Ka, and denoted by Kt.
We denote by vK the discrete valuation on K, normalized such that vK($) = 1.
We define a non-archimedean absolute value | · |K on K by setting |a|K = εvK(a)
for every a ∈ K×, where ε is a fixed element in (0, 1). If k is finite, we will take
ε = 1/q. Whenever K ′ is a finite extension of K, we denote by vK′ the unique
valuation on K ′ that extends vK . The value group of vK′ is equal to (1/e)Z, where
e = e(K ′/K) is the ramification index of K ′ over K. We also endow K ′ with the
absolute value | · |K′ = εvK′ (·); this is the unique absolute value that extends | · |K .
For every K-scheme X of finite type, we denote by Xan the Berkovich
analytification of X [Be90]. For every point x on Xan, we denote by H (x) the
residue field of Xan at x. This is a complete valued field extension of K, whose
residue field is denoted by H˜ (x).
If X is a separated K-scheme of finite type, then an R-model for X is a flat
separated R-scheme of finite type X , endowed with an isomorphism of K-schemes
X ⊗RK → X. Note that we do not impose any properness condition on X or X .
We denote by X̂ the formal $-adic completion of X and by X̂η its generic fiber;
this is a compact analytic domain in Xan, and it is equal to Xan if and only if X
is proper over R. We denote by
spX : X̂η →Xk
the specialization morphism (also called reduction map) associated with X .
If X is regular and proper over K, then a proper R-model X of X is called
an snc-model if X is regular and Xk is a divisor with strict normal crossings
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(not necessarily reduced). The existence of snc-models is known when k has
characteristic zero (by Hironaka’s resolution of singularities), and in arbitrary
characteristic when the dimension of X is at most 2 [CJS09, CP14].
For the basic theory of piecewise integral affine structures, we refer to [Be99, §1].
We will use additive, rather than multiplicative, notation; for every integer e > 0,
what we call piecewise integral (1/e)Z-affine spaces are called RS-piecewise linear
spaces in [Be99, §1], with R = e√|K×| and S = Z. Thus the piecewise models
of piecewise integral (1/e)Z-affine spaces are rational polytopes P in Rn endowed
with the group of functions of the form
P → R : (x1, . . . , xn) 7→ a1x1 + . . .+ anxn + b
where the coefficients ai are integers and the constant term b lies in (1/e)Z. On any
piecewise integral (1/e)Z-affine space, it makes sense to speak of (1/e′)Z-integral
points whenever e′ is an integer multiple of e: these are the points where every
piecewise integral (1/e)Z-affine function takes a value in (1/e′)Z.
Whenever K ′ is a finite extension of K of ramification index e, we will also use
the terminology integral K ′-affine instead of integral (1/e)Z-affine (in Berkovich’s
notation, this would be |(K ′)×|Z-affine). This will make it easier to keep track of
the behavior of these structures under extensions of K. Our primary examples of
piecewise integral K ′-affine spaces will be skeleta of log regular models of regular
proper K ′-schemes (see Section 4).
2.2. The Kontsevich–Soibelman skeleton. Let X be a connected smooth and
proper K-scheme, and let θ be a non-zero m-canonical form on X, for some positive
integer m. It is explained in [MN15] how one can attach to θ a canonical subspace
of Xan, called the Kontsevich–Soibelman skeleton of the pair (X, θ). Such an object
first appeared in the work of Kontsevich and Soibelman on the non-archimedean
SYZ fibration [KS06]. Let us briefly recall the construction. For every normal
R-model X of X and every irreducible component E of Xk, the fiber of the
specialization map spX over the generic point ξ of E contains a unique point
x. This point is called the divisorial point associated with X and E. If we denote
by N the multiplicity of E in Xk, then x corresponds to the divisorial valuation
(1/N)ordE on the function field of X.
The weight of θ at x is defined in the following way. Locally around ξ, the model
X is regular, so that we can consider the relative canonical line bundle ωX /R.
We view θ as a rational section of the logarithmic relative m-canonical bundle
ωX /R(Xk,red −Xk)⊗m and we denote the associated Cartier divisor by divX (θ).
If we denote by w the multiplicity of divX (θ) at ξ, then the weight of θ at x is
defined as
wtθ(x) =
w
mN
.
The minimal weight wtmin(X, θ) of θ on X is defined as the infimum of the
weights wtθ(x) where x runs through the set of divisorial points on X
an, and the
Kontsevich–Soibelman skeleton Sk(X, θ) is the closure in Xan of the set of divisorial
points x such that wtθ(x) = wtmin(X, θ). The essential skeleton Sk(X) is the union
of the skeleta Sk(X, θ) over all non-zero pluricanonical forms θ on X.
Remark 2.2.1. In the definition of the weight function in [MN15], the reference
line bundle was taken to be ωX /R(Xk,red)
⊗m, rather than ωX /R(Xk,red−Xk)⊗m,
and the factor m was not included in the denominator. Thus the weight function
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in [MN15] is given by the formula wtMNθ = m(wtθ + 1), so that the definition of the
Kontsevich–Soibelman skeleton is not affected. The reason for our different choice
of reference bundle is that it agrees with the relative canonical bundle for smooth
models and behaves better under ramified extensions of R. The extra factor m in
the denominator appears naturally when we consider p-adic measures associated
with m-canonical forms (see Section 6.3). If k has characteristic zero, the weight
function wtθ is related to Temkin’s metric ‖θ‖ on Xan by the formula
m · wtθ = − logε ‖θ‖,
see Theorem 8.3.3 in [Te16]. If k has positive characteristic, an additional term
appears in the comparison statement; this is caused by issues of wild ramification.
Without any assumption on the existence of resolutions of singularities, it is
not known whether wtθ is bounded below and Sk(X, θ) is non-empty. However,
Theorem 4.7.5 in [MN15] provides an explicit description of Sk(X, θ) if we assume
that X has an snc-model X over R. In that case, we can compute wtmin(X, θ) by
taking the minimum of the weights wtθ(x) where x runs through the finite set of
divisorial points associated with the prime components of Xk. We write
Xk =
∑
i∈I
NiEi, divX (θ) =
∑
i∈I
wiEi +H
with H an effective Cartier divisor that is horizontal, that is, whose support does
not contain any of the components Ei of Xk. Then we have
wtmin(X, θ) = min{ wi
mNi
| i ∈ I}.
Moreover, we can identify Sk(X, θ) with the union of the so-called θ-essential faces
of the Berkovich skeleton Sk(X ) of X . This Berkovich skeleton is a subspace of
Xan that is canonically homeomorphic to the dual intersection complex of Xk, and
a face σ is called θ-essential if it satisfies the following two conditions:
• for every vertex v of σ, we have wtθ(v) = wtmin(X, θ) (recall that the
vertices of Sk(X ) are precisely the divisorial points associated with the
prime components of Xk);
• the stratum of Xk corresponding to σ is not contained in the horizontal
part H of the Cartier divisor divX (θ).
In particular, Sk(X, θ) is a non-empty compact subspace of Xan. Likewise, Sk(X)
is a compact subspace of Xan, and it is non-empty if and only if X has nonnegative
Kodaira dimension. It is proven in [NX16, 3.3.5] and [KNX18, Thm.24] that Sk(X)
is a strong deformation retract of Xan if k has characteristic zero, X is projective,
and the canonical line bundle ωX/K of X is semi-ample.
2.3. Weak Ne´ron models and the Shilov boundary. Let X be a smooth and
proper K-scheme of pure dimension.
Definition 2.3.1. A weak Ne´ron model of X is a smooth R-model U of X such
that the map U (Rur)→ X(Kur) is bijective.
The R-scheme U is not necessarily proper, but the definition expresses that it
satisfies the valuative criterion for properness at least for unramified extensions of
R. It is proven in [BLR90] that a weak Ne´ron model always exists, without any
restriction on the characteristic of k; however, it is far from unique. Given any
proper R-model X of X, we can always find a morphism Y → X of R-models
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that is a composition of blow-ups at centers supported in the special fiber and such
that every Rur-valued point on Y factors through the R-smooth locus Sm(Y ) of
Y , by [BLR90, 3.4/2]. Then Sm(Y ) is a weak Ne´ron model of X. Such a morphism
Y →X is called a Ne´ron smoothening of X .
Let θ be an m-canonical form on X, for some positive integer m, and assume
that θ is not identically zero on any connected component of X. For every weak
Ne´ron model U of X and every connected component C of Uk, we set
ordC(θ) =
w
m
where w is the unique integer such that $−wθ extends to a generator of ω⊗mU /R at
the generic point of C. If we denote by x the divisorial point on Xan associated
with C, then ordC(θ) = wtθ(x), because C has multiplicity 1 in Uk.
Definition 2.3.2. Let U be a weak Ne´ron model of X. We set
ordmin(U , θ) = min{ordC(θ) |C ∈ pi0(Uk)}.
The Shilov boundary of (U , θ) is the set of divisorial points in Xan associated with
the connected components C of Uk for which ordC(θ) = ordmin(U , θ). We denote
this set by Sh(U , θ).
Note that Sh(U , θ) is empty if X(Kur) is empty; in that case, every weak Ne´ron
model U of X has empty special fiber, and ordmin(U , θ) = −∞.
Proposition 2.3.3. The value ordmin(U , θ) and the subset Sh(U , θ) of Xan only
depend on the pair (X, θ), and not on the choice of a weak Ne´ron model U .
Proof. Let U and U ′ be weak Ne´ron models for X. Then we can dominate both
of them by a third weak Ne´ron model V by taking the schematic closure of the
diagonal embedding of X in U ×R U ′, and applying a Ne´ron smoothening. We
denote the morphism V → U by h. By Zariski’s Main Theorem, h is quasi-finite
locally around a point ξ of Vk if and only if it is an open immersion locally around
ξ, because hK is an isomorphism, U is normal, and V is R-flat. Thus if C is a
connected component of Vk, then either h is an open immersion around the generic
point of C, or h(C) does not contain any generic point of Uk.
For every generic point ξ of Vk, we have that (h∗ω⊗mU /R)ξ is a submodule of
(ω⊗mV /R)ξ, and they are equal if and only if h is e´tale at ξ. Thus if C is a connected
component of Vk and C ′ is the unique connected component of Uk that contains
h(C), then ordCθ ≥ ordC′θ, and equality holds if and only if h is an open immersion
locally around the generic point of C. We also know that hk : Vk → Uk is dominant,
because every ks-rational point on Uk can be lifted to an element of U (Rur) =
V (Rur) by the infinitesimal lifting criterion of smoothness, and ks-rational points
are dense in Uk because Uk is smooth over k. Therefore, every generic point of
Uk lifts to a generic point of Vk. It follows that ordmin(U , θ) = ordmin(V , θ) and
Sh(U , θ) = Sh(V , θ). 
In view of Proposition 2.3.3, we will henceforth write ordmin(X, θ) and Sh(X, θ)
instead of ordmin(U , θ) and Sh(U , θ), and we call Sh(X, θ) ⊂ Xan the Shilov
boundary of the pair (X, θ).
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3. Logarithmic models
We assume that the reader has a basic familiarity with logarithmic geometry.
For a general introduction to log schemes, we refer to [Ka89]. The theory of regular
log schemes is due to Kato [Ka94]; the properties and constructions that will be
used below are summarized in Section 3 of [BuN16]. All log structures in this paper
are defined with respect to the Zariski topology.
3.1. Log regular and log smooth models. LetX be a separated flat R-scheme
of finite type. We set S = SpecR. The standard log structure on S is the divisorial
log structure induced by the unique closed point of S. Likewise, the standard log
structure on X is the divisorial log structure induced by the special fiber Xk.
We say that X is log regular if the scheme X endowed with its standard log
structure is log regular in the sense of [Ka94]. Intuitively, this property expresses
that the pair (X ,Xk,red) is toroidal, but the notion of log regularity is more flexible
(in particular, it also applies to the case where R has mixed characteristic). A
stratum ofXk is a connected component of an intersection of irreducible components
of Xk. We say that X is log smooth over S if the morphism X → S is log smooth
if we endowX and S with their standard log structures. IfX is log smooth over S
then it is log regular [Ka94, 8.2]; if k has characteristic zero, then both notions are
equivalent [BuN16, 3.6.1]. We will repeatedly make use of the fact that log regular
schemes are normal [Ka94, 4.1].
Example 3.1.1. Let X be a smooth proper K-scheme. Every snc-model X of X
is log regular. If, moreover, the multiplicities of the components of Xk are prime
to p and the residue field k is perfect, then X is also log smooth over S (but this
is not a necessary condition for log smoothness). In particular, every snc-model is
log smooth if k has characteristic zero.
If a smooth proper K-scheme X has a log regular proper R-model, then we can
also find an snc-model for X, by toroidal resolution of singularities for log regular
schemes [Ka94]. Thus the existence of log regular proper models is known in the
same cases where snc-models are known to exist: when k has characteristic zero,
and when k has positive characteristic and the dimension of X is at most 2. If X
has a log smooth proper R-model, then the wild inertia acts trivially on the `-adic
cohomology of X [Na98, 0.1.1]. The converse implication holds if X is a curve of
genus at least 2 or an abelian variety of arbitrary dimension [Sa04, St05, BS17].
No similar criterion is known in general, but it is expected that there always exists
a finite extension K ′ of K such that X ⊗K K ′ has a log smooth proper R-model.
This is equivalent to the existence of a semistable snc-model, that is, an snc-model
with reduced special fiber, over some finite extension of R, by [Sa04].
3.2. Behavior under normalized base change.
Proposition 3.2.1. Let X be a log regular separated flat R-scheme of finite type.
Let K ′ be a finite extension of K, and let R′ be the integral closure of R in K ′.
Denote by X ′ the normalization of X ⊗R R′.
(i) If X is log smooth over S, then X ′ is log smooth over S′ = Spec (R′) (in
particular, it is log regular).
(ii) If K ′ is tamely ramified over K and X is log regular, then the R′-scheme
X ′ is log regular.
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Proof. We set S′ = Spec (R′) and we endow S, S′ and X with their standard log
structures. The condition that K ′ is tamely ramified over K is equivalent to the
property that S′ is log e´tale over S. Log smoothness is preserved by base change
in the category of fine and saturated (fs) log schemes; thus the fs base change Y
of X to S′ is log smooth over S′ (if X is log smooth over S) or over X (if K ′ is
tamely ramified over K). In both cases, Y is log regular, since it is log smooth over
a log regular scheme. Now it follows from the proof of Proposition 3.7.1 in [BuN16]
that the underlying scheme of Y is the normalization of X ⊗R R′. By [Ka94,
11.6], log regularity also implies that the locus in Y where the log structure is not
trivial is a divisor D, and that the log structure on Y is the divisorial log structure
with respect to D. In our case, D = Yk, so that Y = X ′ with the standard log
structure. 
The following result describes how the multiplicities of the components in the
special fiber of a log regular model behave under normalized base change.
Proposition 3.2.2. Let X be a log regular separated flat R-scheme of finite type.
Let K ′ be a finite extension of K of ramification degree e. Assume either that X is
log smooth over S, or that K ′ is a tame extension of K. Denote by R′ the integral
closure of R in K ′, and by X ′ the normalization of X ⊗R R′.
Let E be an irreducible component of Xk, and denote its multiplicity in Xk by N .
Then the multiplicity of the special fiber of X ′ along each component dominating
E is equal to N/ gcd(e,N).
Proof. We set S′ = SpecR′. We have seen in the proof of Proposition 3.2.1 that the
normalization morphism X ′ → X ⊗R R′ coincides with the saturation morphism
of the fibered product X ×S S′ in the category of log schemes, where S, S′ and X
are endowed with their standard log structures. We can determine the multiplicities
of the components in the special fiber of the saturation of X ⊗R R′ by means of a
local computation on characteristic monoids.
For every log scheme Y , we denote by CY =MY /O×Y its sheaf of characteristic
monoids. At every point ζ ofXk, the morphism of log schemesX → S gives rise to
a structural morphism of characteristic monoids CS,s = N→ CX ,ζ , where s denotes
the closed point of S. The analogous observation applies to log schemes over S′.
The morphism of characteristic monoids associated with S′ → S is the inclusion
map N→ (1/e)N.
Now let ζ be the generic point of E, and let ξ be any point of X ⊗R R′ lying
above ζ. Then the characteristic monoid CX⊗RR′,ξ is given by the coproduct
CX ,ζ ⊕N (1/e)N
modulo its submonoid of units (the proof of [Na97, 2.1.1] remains valid for log
structures on the Zariski site). The monoid CX ,ζ is equal to (1/N)N, and its
structural morphism is the inclusion map N → (1/N)N. The saturation of the
monoid (1/N)N ⊕N (1/e)N is isomorphic to (1/lcm(e,N))N ⊕ (Z/ gcd(e,N)Z), so
that the characteristic monoid at any point ξ′ of X ′ lying above ξ is given by
(1/lcm(e,N))N, with structural morphism
(1/e)N→ (1/lcm(e,N))N : 1/e 7→ 1/e.
This means that the multiplicity of the special fiber of X ′ at ξ′ is equal to
lcm(e,N)/e = N/ gcd(e,N). 
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Corollary 3.2.3. Let X be a log regular separated flat R-scheme of finite type.
Then there exists a tame finite extension K ′ of K, with valuation ring R′, such that
the normalization X ′ of X ⊗R R′ has the following properties: the multiplicity of
X ′k along each of its irreducible components is a power of p, and every stratum of
X ′k is geometrically connected.
Proof. Let e be the least common multiple of the multiplicities of the irreducible
components in Xk, and let e′ be its prime-to-p part. Let L be a totally ramified
extension of K of degree e′, with valuation ring RL. Then the normalization Y
of X ⊗R RL is log regular and the multiplicities of the components of its special
fiber are powers of p, by Proposition 3.2.2. Let k′ be a finite separable extension of
k such that the connected components of U ×k k′ are geometrically connected for
every stratum U of Yk, and let K ′ be the unique unramified extension of L with
residue field k′. We denote by R′ the valuation ring of K ′. The scheme Y ⊗RLR′ is
normal, because it is e´tale over the normal scheme Y . Thus Y ⊗RLR′ is canonically
isomorphic to X ′. By our choice of K ′, the multiplicity of X ′k along each of its
irreducible components is a power of p, and every stratum of X ′k is geometrically
connected. 
The same argument also gives
Corollary 3.2.4. Let X be a log smooth separated flat R-scheme of finite type.
Then there exists a finite extension K ′ of K, with valuation ring R′, such that the
normalization X ′ of X ⊗R R′ has the following properties: X ′k is reduced and
every stratum of X ′k is geometrically connected.
Proof. We can simply copy the proof of Corollary 3.2.3, replacing e′ by e. 
3.3. Logarithmic differential forms. Let X be a log regular separated flat R-
scheme of finite type. We denote by ΩlogX /R the sheaf of logarithmic differential
forms on X relative to S = Spec (R), where both X and S are equipped with
their standard log structures. Since the log structure is trivial on X ⊗R K, the
restriction of ΩlogX /R to X ⊗R K is canonically isomorphic to the usual sheaf of
differentials ΩX⊗RK/K .
If X is log smooth over S, then ΩlogX /R is locally free, and we denote its
determinant line bundle by ωlogX /R. If X is only log regular, we define ω
log
X /R
in the following way. Denote by Xreg the regular locus of X ; this is a dense open
subscheme of X , and its complement has codimension at least two, because X
is normal. Since coherent sheaves on regular schemes are perfect, we can define
the determinant of ΩlogXreg/R as in [KM76], by locally taking a finite resolution by
free coherent sheaves of finite rank, and taking the alternating product of their
determinants. The result is a line bundle ωlogXreg/R on Xreg, and we define ω
log
X /R
to be the pushforward of this line bundle to X . This is a reflexive sheaf on X .
On the other hand, we can also forget the log structures and consider the usual
relative canonical sheaf ωX /R (the pushforward of the determinant of ΩXreg/R).
The following proposition collects the basic properties of logarithmic canonical
sheaves that we will need; we include detailed proofs because we have not been
able to find them in the literature.
Proposition 3.3.1. Assume that k is perfect. Let X be a log regular separated
flat R-scheme of finite type.
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(1) Denote by i : X ⊗R K →X the inclusion map. We have
ωlogX /R = ωX /R(Xk,red −Xk)
as submodules of i∗ωX⊗RK/K .
(2) The coherent sheaf ωlogX /R is a line bundle on X .
(3) Let h : Y → X be a morphism of log schemes associated with a (not
necessarily proper) subdivision of the fan of X [Ka94, 9.9]. Then
ωlogY /R = h
∗ωlogX /R
as submodules of j∗ωY ⊗RK/K , where j denotes the inclusion map
Y ⊗R K → Y .
(4) Let K ′ be a finite extension of K, and let R′ be the integral closure of R in
K ′. Set S′ = Spec (R′) and let X ′ be the normalization of X ⊗R R′. We
denote by g : X ′ →X the projection morphism. Assume either that X is
log smooth over S or that K ′ is tamely ramified over K. Then
ωlogX ′/R′ = g
∗ωlogX /R
as submodules of (i⊗K K ′)∗ωX ′⊗R′K′/K′ .
Proof. (1) Since X is normal and both sheaves are reflexive, it suffices to prove
the equality on the maximal open subscheme U of X such that U is regular and
Uk is a divisor with strict normal crossings (note that the complement of U in X
has codimension at least two, since U contains the generic fiber X ⊗R K and the
generic points of Xk). On the open U , the equality follows from [KS04, 5.3.4] by
taking determinants.
(2) Let S = Spec (R). To avoid ambiguities, we denote by Str and Sst the
scheme S = Spec (R) endowed with its trivial, resp. standard, log structure. The
result in [KS04, 5.3.4] implies that, on the open U , the determinant of the sheaf
of log differentials ΩlogU /Str is isomorphic to the determinant of the sheaf Ω
log
U /Sst
,
where U carries the standard log structure in both cases. Thus it suffices to prove
that the former determinant extends to a line bundle on X .
This property can be checked locally around closed points ξ of Xk; it is enough
to prove that the OX ,ξ-module ΩlogX /Str,ξ has a finite resolution by free modules
of finite rank. Our proof is similar to that of Corollary 5.3.2 in [KS04]. We fix a
section of the projection morphism
MX ,ξ → CX ,ξ =MX ,ξ/O×X ,ξ
so that we can view the characteristic monoid CX ,ξ as a submonoid of the
multiplicative monoid OX ,ξ. Such a section exists because CX ,ξ is integral and its
groupification CgpX ,ξ is a free Z-module. We can extend this section to a surjective
morphism of R-algebras
R[CX ,ξ][T1, . . . , Tr]→ O(V )
where V is an affine open neighborhood of ξ in X . We set
W = SpecR[CX ,ξ][T1, . . . , Tr]
and we endow it with the log structure induced by the monoid CX ,ξ. Then W
is log smooth over Str. Shrinking V around ξ, we can arrange that V is a strict
logarithmic subscheme of W . Since W and V are both log regular, the immersion
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V → W is regular, by [Ka94, 4.2]. If we denote by J the defining ideal of V in OW
at the point ξ, then we have a short exact sequence
(3.3.2) 0→ J/J2 → ΩlogW /Str,ξ ⊗OW ,ξ OX ,ξ → Ω
log
X /Str,ξ
→ 0.
Since W is log smooth over Str and J is generated by a regular sequence, this short
exact sequence is a resolution of ΩlogX /Str,ξ by free modules of finite rank.
(3) We continue to use the notation from the proof of (2). By [KS04, 5.3.4], we
have
ωlogX /Sst
∼= det(ΩlogX ,Str)⊗OX (Xk)
as subsheaves of i∗ωX⊗RK/K , and the analogous statement holds on Y . Thus
it suffices to prove the result for det(ΩlogX ,Str). We have a natural isomorphism
ΩlogY /Str
∼= h∗ΩlogX /Str because h is log e´tale. Taking determinants of perfect
complexes does not commute with non-flat base change, in general, but here we can
make use of the local free resolution in (3.3.2). The pullback through h of (3.3.2)
is still exact, because h is flat over XK (even an isomorphism) and Y is R-flat.
Taking determinants, we get that
det(ΩlogY /Str) = h
∗ det(ΩlogX /Str).
(4) We have seen in the proof of Proposition 3.2.1 that X ′ with its standard log
structure is the base change of X to S′ in the category of fine and saturated log
schemes. Since log differentials are compatible with fine and saturated base change,
the natural morphism
g∗ΩlogX /R → ΩlogX ′/R′
is an isomorphism. The scheme X ′ is normal and the sheaves we want to compare
are reflexive (even line bundles, by (2)), so that it suffices to check the equality at
the generic points of X ′k . At these points, the morphism g is flat, so that the result
follows from the compatibility of determinants with flat base change. 
4. Skeleta of log regular models
Let X be a smooth and proper K-scheme. In this section we study the skeleton
Sk(X ) ⊂ Xan associated to a log regular R-model X of X, and the Kontsevich–
Soibelman skeleton Sk(X, θ) associated to a pluricanonical form onX. In particular,
we analyze the behavior of these skeleta under finite ground field extension.
4.1. Skeleta of log regular models. Let X be a log regular R-model of X
(where X carries the standard log structure). It is explained in [BM17, §3]
how one can attach to this model a skeleton Sk(X ) in Xan, generalizing the
construction of the skeleton of an snc-model in [MN15, §3]. Let us briefly summarize
the construction. Recall that a stratum of Xk is a connected component of an
intersection of irreducible components of Xk. The Kato fan of X is the subspace
F (X ) of X consisting of the generic points of X and the generic points of all the
strata of Xk, endowed with the restriction of the sheaf of characteristic monoids
CX = MX /O×X of the log scheme X . We will denote this restriction by CF (X ).
The stalks of this sheaf are sharp finitely generated saturated integral monoids;
equivalently, monoids of integral points in strictly convex rational polyhedral cones
in Rn. Since MX is the sheaf of regular functions on X that are invertible on X,
we can interpret the stalk CX ,ξ at a point ξ of F (X ) as the monoid of effective
Cartier divisors on SpecOX ,ξ that are supported on the special fiber (SpecOX ,ξ)k.
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The morphism X → S induces for every point ξ of F (X ) ∩Xk a morphism of
characteristic monoids N → CF (X ),ξ that maps 1 to the residue class $ of the
uniformizer $ in CF (X ),ξ (equivalently, we can think of $ as the Cartier divisor
(SpecOX ,ξ)k on SpecOX ,ξ). We call this morphism the structural morphism of
the monoid CF (X ),ξ.
When ξ and η are points in F (X ) such that ξ lies in the closure of η, the
cospecialization map CF (X ),ξ → CF (X ),η induces a morphism of dual real cones
Hom(CF (X ),η,R≥0)→ Hom(CF (X ),ξ,R≥0)
that identifies Hom(CF (X ),η,R≥0) with a face of Hom(CF (X ),ξ,R≥0). Gluing
the dual real cones according to these face maps, we get a cone complex with
integral affine structure [KKMS73]. The skeleton Sk(X ) is the polyhedral complex
consisting of the elements α in the dual cones Hom(CF (X ),ξ,R≥0) such that
α($) = 1 (note that this set is empty if ξ is not contained in Xk, since $ = 0 in
that case). The faces of Sk(X ) carry a canonical integral K-affine structure; the
integral K-affine functions on the face
{α ∈ Hom(CF (X ),ξ,R≥0) |α($) = 1}
are the functions of the form
α 7→ αgp(u) + v
where u ∈ CgpF (X ),ξ and v ∈ logε |K×| = Z, and where αgp is the group
homomorphism CgpF (X ),ξ → R induced by α. For every integer d ≥ 0, we denote by
Sk(d)(X ) the d-skeleton of Sk(X ), that is, the union of the faces of dimension at
most d.
Example 4.1.1. If X is regular and Xk has strict normal crossings, then the
characteristic monoid CF (X ),ξ at a point ξ of F (X ) is isomorphic to NJ , where
J is the set of irreducible components of Xk passing through ξ. If we denote by
Nj the multiplicity of the j-th component, for every j in J , then the condition
α($) = 1 on the dual cone Hom(CF (X ),ξ,R≥0) = RJ≥0 defines the simplex
{u ∈ RJ≥0 |
∑
j∈J
Njuj = 1}.
In this case, the construction of Sk(X ) is equivalent to the one in [MN15, §3].
There is a canonical embedding of Sk(X ) into X̂η, and a canonical continuous
retraction
ρX : X̂η → Sk(X ).
The skeleton Sk(X ) is made up of points on Xan corresponding to valuations
that are monomial with respect to the model X ; these valuations are constructed
explicitly in [BM17, 3.2.10]. The following proposition provides a convenient
criterion for such points, as well as a characterization of the retraction map ρX .
We recall that, since the log structure on X is the divisorial log structure induced
by the special fiber, the monoid MX ,ξ is the multiplicative monoid of elements in
OX ,ξ that are invertible in OX ,ξ ⊗R K, for every point ξ in Xk.
Proposition 4.1.2. Let X be a log regular R-model of X. Then a point x of X̂η
lies in the skeleton Sk(X ) if and only if |f(x)| ≥ |f(y)| for every f in OX ,spX (x)
and for every y in X̂η satisfying the following properties:
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(1) the point spX (x) lies in the closure of {spX (y)};
(2) we have |g(x)| = |g(y)| for every g in MX ,spX (x).
If x lies in Sk(X ) and we set ξ = spX (x), then the value group |H (x)×| is the
submonoid of (R>0, ·) consisting of the elements |f(x)| with f in MX ,ξ, and the
residue field of H (x) is a purely transcendental extension of the residue field k(ξ)
of X at ξ.
Moreover, for every point z of X̂η, the point ρX (z) is the unique point w in
Sk(X ) such that spX (z) lies in the closure of {spX (w)} and |g(z)| = |g(w)| for
every g in the monoid MX ,spX (z).
Proof. The criterion for x to lie in Sk(X ) is a reformulation of Proposition 3.2.10
in [BM17] (the proof remains valid if the valuation w considered there is replaced by
a semivaluation). The assertions about the value group and residue field of H (x)
follow immediately from the definition of monomial valuations. The description of
the retraction map ρX follows from the definition of ρX in §3.3 of [BM17]. 
Proposition 4.1.3. Let X and Y be log regular proper R-models of X such that
Y dominates X , i.e., there exists a morphism of R-schemes Y →X that restricts
to the identity on the generic fiber X. Then Sk(X ) ⊂ Sk(Y ), and for every integer
d ≥ 0, the d-skeleton of Sk(X ) is contained in the d-skeleton of Sk(Y ).
Proof. We first prove the inclusion Sk(X ) ⊂ Sk(Y ). Let x be a point in Sk(X )
and set y = ρY (x); then we need to show that x = y. It is enough to prove that
ρX (x) = y, because x lies in Sk(X ) so that ρX (x) = x. By the definition of
the retraction map ρY , we know that spY (x) lies in the closure of {spY (y)} and
that |g(x)| = |g(y)| for every element g in MY ,spY (x). Thus spX (x) lies in the
closure of {spX (y)}, because the specialization maps commute with the morphism
Y → X , and |g(x)| = |g(y)| for every element g in MX ,spX (x) ⊂MY ,spY (x). By
the maximality property in Proposition 4.1.2, it suffices to show that |f(x)| ≤ |f(y)|
for every f in OX ,spX (x). Since f also lies in OY ,spY (x), this inequality follows from
Proposition 4.1.2, applied to the model Y .
Now, we prove the inclusion of d-skeleta. The points in the d-skeleton of Sk(X )
are precisely the points x in Sk(X ) such that the closure of spX (x) has codimension
at most d inXk; the analogous property holds for Y . Since the morphism Y →X
commutes with the specialization maps and Sk(X ) ⊂ Sk(Y ), the d-skeleton of
Sk(X ) is contained in that of Sk(Y ). 
4.2. Behavior under ground field extension. Now consider a finite extension
K ′ of K. Set X ′ := X ⊗K K ′, and let R′ be the integral closure of R in K ′. We
shall study the behavior of skeleta under the canonical surjective map
pr: (X ′)an → Xan.
Proposition 4.2.1. Let X be a log regular proper R-model of X, and let X ′ be
the normalization of X ⊗R R′. Assume that X is log smooth over R, or that
K ′ is tamely ramified over K. Then X ′ is a log regular proper R′-model of X ′,
pr−1(Sk(X )) = Sk(X ′), and the restriction of pr to any face of Sk(X ′) is a
homeomorphism onto a face of Sk(X ).
Proof. That X ′ is log regular follows from Proposition 3.2.1. The underlying set
of the fan F (X ′) is the inverse image of the underlying set of F (X ) under the
projection morphism X ′ → X . Let ξ′ be a point of F (X ′) and denote by ξ
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its image in X . Let M be the saturation of the coproduct CF (X ),ξ ⊕N (1/e)N,
where e = e(K ′/K) is the ramification index. Then the characteristic monoid at ξ′
is canonically isomorphic to the quotient of M by its torsion subgroup Mtor (the
proof of [Na97, 2.1.1] remains valid for log structures on the Zariski site). The
natural embeddings of the skeleta Sk(X ) and Sk(X ′) into Xan and (X ′)an induce
a commutative square
{α′ ∈ Hom(M/Mtor,R≥0) |α′($) = e}
prξ′

// (X ′)an
pr

{α ∈ Hom(CF (X ),ξ,R≥0) |α($) = 1} // Xan
where the map prξ′ is defined by restricting α
′ to CF (X ),ξ and dividing the resulting
map by e. The map prξ′ is a homeomorphism, because every element in the monoid
R≥0 is uniquely divisible by e. This shows that pr(Sk(X ′)) = Sk(X ), and that
pr maps the face of Sk(X ′) corresponding to ξ′ homeomorphically onto the face of
Sk(X ) corresponding to ξ.
It remains to check that pr−1(Sk(X )) ⊂ Sk(X ′). This is clear when K ′/K
is purely inseparable, since pr is then a homeomorphism. Thus we may suppose
that K ′ is separable over K. Replacing K ′ by a finite extension, we can further
reduce to the case where K ′ is a Galois extension of K. It follows directly from the
definition of the skeleton Sk(X ′) that it is stable under the action of the Galois
group Gal(K ′/K) on (X ′)an. Since this action is transitive on the fibers of pr, the
surjectivity of Sk(X ′)→ Sk(X ) implies that pr−1(Sk(X )) ⊂ Sk(X ′). 
Proposition 4.2.2. In the setting of Proposition 4.2.1, assume that the strata of
Xk are geometrically connected over k, and suppose that X is log smooth over
S and Xk is reduced, or that K ′ is tamely ramified over K and the multiplicity
of each component in Xk is a power of p. Then pr induces a homeomorphism
Sk(X ′)→ Sk(X ).
Proof. By our assumption that the strata of Xk are geometrically connected, the
conclusion holds when K ′ is unramified over K; thus we may assume that K ′ is
totally ramified over K. It suffices to show that for every stratum E of Xk, the
normalization morphism h : X ′ →X ⊗RR′ induces an isomorphism h−1(E)red →
E. We have already argued in the proof of Proposition 3.2.1 that the normalization
morphism h is the saturation morphism for the log scheme X ⊗R R′ with its
divisorial log structure induced by the special fiber. By the same argument as
in the proof of Lemma 4.1.2 in [BuN16], Proposition 2.2.2(3) in [BuN16] implies
that this saturation morphism h is an isomorphism over each stratum, because the
multiplicities of the components in Xk are prime to the ramification degree of K ′
over K. 
4.3. The temperate part of the skeleton. Let X be a smooth and proper K-
scheme.
Definition 4.3.1. We say that a divisorial point x ∈ Xan is tame if the field H (x)
is tamely ramified over K; that is, the ramification index of H (x) over K is prime
to p, and the residue field of H (x) is a separable extension of k. Otherwise, we say
that x is wild. We define the temperate part Xt of X to be the closure of the set of
tame divisorial points in Xan.
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If x is the divisorial point associated with a normal R-model X of X and a
prime component E of Xk, then the ramification index of H (x) over K equals the
multiplicity N of Xk along E, and the residue field of H (x) is k-isomorphic to the
function field k(E) of E. Thus x is tame if and only if N is prime to p and k(E)
is separable over k. If k has characteristic zero, then all divisorial points are tame.
Since the set of divisorial points is dense in Xan by [MN15, 2.4.9], we then have
Xt = X.
We call Xt the temperate, rather than tame, part of Xan because it may contain
wild divisorial points; see Example 4.3.9.
Definition 4.3.2. IfX is a log regular R-model of X, then we define the temperate
part of Sk(X ) as the closure of the set of tame divisorial points in Sk(X ), and we
denote it by Skt(X ).
Lemma 4.3.3. Let X be a log regular proper R-model of X. Let x be a point of
X̂η such that either x is a tame divisorial point, or H (x) is a tame finite extension
of K. Then x′ = ρX (x) is a tame divisorial point on Sk(X ).
Proof. By the definition of the retraction ρX , we know that ξ
′ = spX (x
′) is the
generic point of the unique stratum U of Xk containing ξ = spX (x), and that
|f(x)| = |f(x′)| for every element f of MX ,ξ. Since X is log regular, the stratum
U is regular, and the residue field κ(ξ) of U at ξ is separable over k because it
is contained in the residue field of H (x). Thus U is smooth over k at ξ, and,
therefore, also at the generic point ξ′, so that k(ξ′) is separable over k. The residue
field of H (x′) is a purely transcendental extension of k(ξ′) by Proposition 4.1.2,
and thus still separable over k.
A point of Sk(X ) is divisorial if and only if the value group of its residue field is
discrete [MN15, 2.4.8]. Log regularity of X implies that the cospecialization map
CX ,ξ → CX ,ξ′ is an isomorphism [BuN16, 3.2.1]. This means that we can write
every element g of MX ,ξ′ as the product of an element f in MX ,ξ and a unit in
MX ,ξ′ ; then |g(x′)| = |f(x′)| = |f(x)|. It follows that the value group of H (x′) is
contained in that of H (x), so that x′ is divisorial and tame. 
Proposition 4.3.4. If X is a log regular proper R-model of X, then Skt(X ) =
Sk(X ) ∩Xt.
Proof. It is obvious that Skt(X ) ⊂ Sk(X ) ∩Xt. To prove the converse inclusion,
we observe that the open subset A = ρ−1X (Sk(X )\Skt(X )) of Xan contains Sk(X )\
Skt(X ) and does not contain any tame divisorial points by Lemma 4.3.3. Thus A,
and therefore Sk(X ) \ Skt(X ), are disjoint from Xt. 
Proposition 4.3.5. Let X be a log regular proper R-model of X. Then Skt(X )
is non-empty if and only if X has a Kt-rational point.
Proof. If X has a Kt-rational point, then the image of this point under ρX is
a tame divisorial point on Sk(X ) by Lemma 4.3.3, so that Skt(X ) is non-empty.
Conversely, assume that Skt(X ) is non-empty. Then Xan contains a tame divisorial
point x. We need to prove thatX has aKt-rational point. LetN be the ramification
index of H (x) over K. By our assumption that x is tame, we know that N is
prime to p. We can apply a base change to a tamely ramified extension of K of
ramification index N to reduce to the case where N = 1. Then the divisorial point
x is associated with a regular R-model Y of X and a prime component E of Yk
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of multiplicity one. Since x is tame, the function field k(E) is separable over k, so
E has a smooth ks-rational point ξ; then Y is smooth over R at ξ, and Hensel’s
lemma implies that ξ lifts to a closed point y of X whose residue field is unramified
over K. 
Proposition 4.3.6. Assume that p ≥ 2. Let X be a log regular R-model of X, and
let x be a divisorial point on Sk(X ). Then x is tame if and only if the residue field
of X at spX (x) is a separable extension of k and x is Z(p)-integral with respect to
the canonical integral K-affine structure on the faces of Sk(X ).
Proof. We set ξ = spX (x). Then ξ is a point of F (X ), and the corresponding
face of Sk(X ) is the unique face σ that contains x in its relative interior. By the
definition of the integral K-affine structure on σ, the point x is Z(p)-integral if and
only if log |f(x)|/ log |$| lies in Z(p) for every element f of MX ,ξ. By Proposition
4.1.2, the value group |H (x)×| is generated by the submonoid of (R>0, ·) consisting
of the elements of the form |f(x)| with f inMX ,ξ. Thus the ramification index of
H (x) over K, which is by definition the index of the subgroup |$|Z of |H (x)×|,
is prime to p if and only if x is Z(p)-integral. The residue field of H (x) is a purely
transcendental extension of k(ξ) by Proposition 4.1.2, and hence separable over k
if and only if k(ξ) is separable over k. 
We will use Proposition 4.3.6 to give a more explicit description of the temperate
part of the skeleton of a log regular model. Let X be a log regular R-model of X,
and let ξ be a point of the fan F (X ). Following [BuN16], we define the root index
of X at ξ to be the smallest positive integer ρ such that the residue class $ of $
in the characteristic monoid CX ,x is divisible by ρ.
Example 4.3.7. LetX be a regular R-model for X such thatXk has strict normal
crossings, and let ξ be a point of F (X ). As we have seen in Example 4.1.1, the
characteristic monoid CF (X ),ξ is isomorphic to NJ , where J is the set of irreducible
components of Xk passing through ξ. If we denote by Nj the multiplicity of the
j-th component, for every j in J , then $ = (Nj)j∈J . Thus the root index of X at
ξ is the greatest common divisor of the multiplicities Nj , j ∈ J .
This description of the root index does not hold for all log regular proper R-
models X . For instance, assume that X contains an open subscheme isomorphic
to
U = SpecR[u, v]/(uv −$2)
and let ξ be the origin of Uk. Then the characteristic monoid CX ,ξ is isomorphic to
the submonoid of N2 generated by (1, 0) and (1, 2), and the residue class of $ equals
(1, 1). Thus the root index of X at ξ equals 1, even though the two components
of Uk that pass through ξ both have multiplicity 2 (we find these multiplicities by
evaluating the primitive generators of the one-dimensional faces of the dual monoid
C∨X ,ξ at the element $ = (1, 1)).
Proposition 4.3.8. Let X be a log regular R-model of X. Let ξ be a point of
F (X ), and let σ be the corresponding face of Sk(X ). We denote by ρ and k(ξ) the
root index and the residue field of X at ξ, respectively.
If ρ is prime to p and k(ξ) is separable over k, then the tame divisorial points
are dense in σ. Otherwise, σ does not contain any tame divisorial point.
Proof. We may assume that p ≥ 2, since otherwise the statement is trivial. By
Proposition 4.3.6, it suffices to prove the following claim: if p divides ρ, then σ
20 MATTIAS JONSSON AND JOHANNES NICAISE
does not contain any Z(p)-integral points; and if p does not divide ρ, then the
Z(p)-integral points are dense in σ.
We denote by d the dimension of σ, and by CgpX ,ξ the groupification of the
characteristic monoid of CX ,ξ. We can find an isomorphism CgpX ,ξ → Zd+1 that
maps $ to (ρ, 0, . . . , 0). The induced Z-integral embedding
Hom(CX ,ξ,R≥0)→ Rd+1
identifies σ with a d-dimensional polytope P in the hyperplane H defined by z1 =
1/ρ. If ρ is divisible by p, then P (Z(p)) is empty; otherwise, P (Z(p)) is dense in P
because P has non-empty interior in H and Z(p) is dense in R. 
Example 4.3.9. Assume that k is algebraically closed and of characteristic p = 2.
Let E be an elliptic curve over K of Kodaira-Ne´ron reduction type I∗r , with r ≥ 0,
and let E be its minimal snc-model (see Figure 4). By Proposition 4.3.8, the
temperate part Skt(E ) of Sk(E ) is the union of the four closed edges in Sk(E )
corresponding to the four singular points in Ek that are contained in a component
of multiplicity one. Thus Skt(E ) = Sk(E ) when r = 0, and for all r ≥ 0, Skt(E )
contains wild vertices of Sk(E ). These examples also illustrate that, in the set-up
of Proposition 4.3.8, Skt(X ) may contain faces of Sk(X ) corresponding to strata
of Xk where the root index is not prime to p (in our example, the wild vertices in
Skt(E )).
 
2 2 2 2 
1 1 1 1 
Figure 4. The skeleton of the minimal snc-model E of an elliptic
curve of type I∗r , r ≥ 0. The vertices are labelled with the
multiplicities of the corresponding components in Ek. The number
of vertices of multiplicity two is r + 1 (if r = 0, then the unique
vertex of mutiplicity two has four adjacent edges). The bold part
of the graph is the temperate part Skt(E ) of the skeleton Sk(E ) if
p = 2.
Proposition 4.3.10. Let n be the dimension of X, and let X be a log smooth
R-model of X. Then every n-dimensional face of Sk(X ) is contained in Skt(X ).
Proof. We endow X and S = SpecR with their standard log structures. We
may assume that X is of pure dimension n, since the connected components of
lower dimension never contribute n-dimensional faces to the skeleton. Then the n-
dimensional faces of Sk(X ) correspond bijectively to the zero-dimensional strata of
Xk. Let ξ be a zero-dimensional stratum of Xk. The assertion is local for the e´tale
topology on X . Thus by Kato’s criterion for logarithmic smoothness (see [Ka89,
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3.5] and [Ka96, 4.1]), we may assume that the morphism of log schemes X → S
has a chart of the form
X −−−−→ SpecZ[P ]y y
S −−−−→ SpecZ[N]
satisfying the following properties:
(1) the chart S → SpecZ[N] is induced by the morphism of monoids N→ (S, ·)
that maps 1 to $;
(2) the right vertical morphism is induced by an injective morphism of fine
and saturated monoids N → P such that the order of the torsion part of
coker(Z→ P gp) is prime to p;
(3) the induced morphism X → S ⊗Z[N] Z[P ] is smooth.
Since ξ is a zero-dimensional stratum and X is log regular and of dimension n+ 1,
the characteristic monoid CX ,ξ has dimension n+1. The fact thatX → S⊗Z[N]Z[P ]
is smooth implies that the dimension of P is at most n+1. SinceX → SpecZ[P ] is
a chart, the induced morphism P → CX ,x is surjective. Therefore, P/Ptors → CX ,x
is an isomorphism, where Ptors denotes the monoid of torsion elements in P .
This implies that P has dimension n+ 1, so that X → S⊗Z[N]Z[P ] is e´tale, and
the residue field k(ξ) of X at ξ is separable over k. It also follows that the torsion
part of the cokernel of the morphism Z→ CgpX ,x that sends 1 to $ has order prime
to p. This order is precisely the root index of X at ξ, because CX ,x is saturated.
Thus the result follows from Proposition 4.3.8. 
Example 4.3.11. Assume that k is perfect. Let C be a geometrically connected,
smooth and proper curve over K, and assume that C has a log smooth proper R-
model C . Proposition 4.3.10 implies that Skt(C ) contains all the edges of Sk(C ).
Thus either Skt(C ) is empty and Sk(C ) is a point, or Skt(C ) is equal to Sk(C ). In
the former case, C is an snc-model of C, the special fiber Ck is irreducible, and the
characteristic of k divides the multiplicity of Ck.
If Skt(C ) is empty, then C(Kt) is empty, by Proposition 4.3.5. Theorem 1.1
in [MS17] implies that, in this case, the `-adic Euler characteristic of C vanishes;
in other words, C has genus one. It is shown in in [MS17] that there exists a
geometrically connected, smooth and proper curve C over a complete discretely
valued field K of residue characteristic p > 0 with algebraically closed residue field
such that C(Kt) is empty and C has a log smooth proper R-model C .
Thus there exist curves C with a proper log smooth R-model C such that Skt(C )
is empty, but Skt(C ) is non-empty whenever C is a curve of genus g 6= 1 and C is
a proper log smooth R-model of C. Theorem 1.1 in [MS17] also applies in higher
dimensions: if X is a geometrically connected smooth proper K-scheme with non-
vanishing `-adic Euler characteristic, and X is a log smooth proper R-model of X,
then Skt(X ) is non-empty.
We do not know any example where X is a geometrically connected smooth
proper K-scheme, X(Kt) is non-empty, and X has a log smooth model X for
which Skt(X ) is different from Sk(X ).
4.4. Weight functions and log regular models. Let X be a smooth and proper
K-scheme of pure dimension, and let θ be an m-canonical form on X, for some
m > 0, such that θ is not identically zero on any connected component of X. We will
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explain how the calculation of the weight function wtθ on skeleta can be extended
from snc-models to log regular models, and deduce some useful properties of the
Kontsevich–Soibelman skeleton Sk(X, θ). Whenever X is a log regular proper R-
model of X, we view θ as a rational section of the line bundle (ωlogX /R)
⊗m defined
in Section 3.3, and we denote by divX (θ) the associated Cartier divisor on X .
Proposition 4.4.1. Assume that k is perfect. Let X be a log regular proper R-
model of X, and let x be a divisorial point contained in the skeleton Sk(X ). Let f
be a local equation at spX (x) for divX (θ). Then
wtθ(x) =
log |f(x)|
m · log |$|
where $ is any uniformizer in R.
Proof. We have ωlogX /R = ωX /R(Xk,red −Xk) by Proposition 3.3.1(1). Thus if X
is an snc-model, the result follows from [MN15, 4.3.7], modulo the renormalization
explained in Remark 2.2.1. We can reduce to that case by means of a toroidal
resolution associated with a regular proper subdivision of the fan of X , using
Proposition 3.3.1(3). 
Remark 4.4.2. In [MN15], the definition of the weight function was extended to
all monomial points in Xan (and then further to Xan by means of an approximation
procedure, assuming resolution of singularities). The formula in Proposition 4.4.1
is valid for all the points in Sk(X ), by the same proof.
Let X be a log regular proper R-model of X. We write
Xk =
∑
i∈I
NiEi
where the Ei are the prime components of Xk, and the Ni are their multiplicities.
For every i ∈ I, we denote by wi the multiplicity of Ei in divX (θ). Let ξ be a point
of the fan F (X ) contained in Xk; thus ξ is the generic point of a stratum of Xk.
We say that ξ is θ-essential if the following two properties are satisfied.
(1) For every j ∈ I such that ξ is contained in Ej , we have
wj
Nj
= min{wi
Ni
| i ∈ I}.
(2) The point ξ is not contained in the Zariski closure of the zero locus of θ on
X.
This definition generalizes the one for snc-models in [MN15, 4.7.4]. We say that a
face of Sk(X ) is θ-essential if the corresponding point of F (X ) is θ-essential.
Proposition 4.4.3. Assume that k is perfect. Let X be a log regular proper
R-model for X. The Kontsevich–Soibelman skeleton Sk(X, θ) is the union of the
θ-essential faces of Sk(X ). Moreover, using the notation introduced above, the
minimal value of wtθ on the set of divisorial points in X
an is equal to
min{ wi
mNi
| i ∈ I}.
Proof. Let Y →X be a toroidal resolution of X , associated with a regular proper
subdivision of the fan F (X ). Then Sk(X, θ) is the union of the θ-essential faces
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of Sk(Y ), by [MN15, 4.7.5]. Thus, it suffices to prove that a face of Sk(Y ) is θ-
essential if and only if it is contained in a θ-essential face of Sk(X ). This follows
directly from Propositions 3.3.1(3) and 4.4.1. In particular, wtθ reaches its minimal
value at a vertex of Sk(X ); the value of wtθ at the vertex corresponding to Ei is
precisely wi/mNi. 
4.5. Behavior under ground field extension. Consider a finite extension
K ′/K, of ramification index e = e(K ′/K). Denote by R′ the integral closure
of R in K ′. Set X ′ = X ⊗K K ′, let
pr : (X ′)an → Xan
be the canonical projection map, and let θ′ be the pullback of θ to X.
Proposition 4.5.1. We assume that k is perfect.
(1) Assume that K ′ is tame over K. Let x be a divisorial point of Xan and x′
a point in pr−1(x). Then x′ is divisorial, and wtθ′(x′) = e · wtθ(x).
(2) Assume that X has a log smooth proper R-model X . Then the
normalization X ′ of X ⊗R R′ is a log smooth proper R′-model, and
wtθ′ = e · wtθ ◦ pr
on Sk(X ′).
In both cases, we have Sk(X ′, θ′) = pr−1(Sk(X, θ)).
Proof. (1) Let X be a normal R-model of X and let E be a prime component of
Xk such that x is the divisorial point associated with the pair (X , E). Shrinking
X around the generic point of E, we may assume that X and E are regular, and
that Xk is irreducible. Then X is log regular (with respect to its standard log
structure). Denote by X ′ the normalization of X ⊗R R′. Then x′ is the divisorial
point associated with X ′ and some prime component E′ of X ′ dominating E.
Proposition 3.3.1 implies that, locally around the generic point of E′, the line
bundle ωX ′/R′(X
′
k − X ′k,red) is the pullback of ωX /R(Xk − Xk,red) to X ′. It
follows that wtθ′(x
′) = e · wtθ(x). In particular, wtθ′ is minimal at x′ if and only
if wtθ is minimal at x. By definition, Sk(X, θ) is the closure in X
an of the set
of divisorial points where wtθ is minimal, and the analogous statement holds for
Sk(X ′, θ′). Since pr is open (see [Be93, 3.2.7]), it follows that Sk(X ′, θ′) is the
inverse image of Sk(X, θ) in (X ′)an.
(2) Proposition 3.2.1 shows that X ′ is a proper log smooth R′-model of X ′. We
know by Proposition 4.4.3 that Sk(X, θ) is a union of faces of Sk(X ), and Sk(X ′, θ′)
is a union of faces of Sk(X ′). Moreover, Sk(X ′) is the inverse image of Sk(X )
under the projection morphism pr, by Proposition 4.2.1. Propositions 3.3.1(4)
and 4.4.1 imply that
wtθ′ = e · wtθ ◦ pr
on Sk(X ′). Thus the set of divisorial points of minimal weight in Sk(X ′) is the
preimage of the set of divisorial points of minimal weight in Sk(X ). It follows that
Sk(X ′, θ′) is the preimage of Sk(X, θ) in (X ′)an. 
The last assertion of Proposition 4.5.1 is false without the assumption that K ′
is tame over K or X has a log smooth model; let us illustrate this by means of an
explicit example.
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Example 4.5.2. Let k be an algebraically closed field of characteristic p = 2, let
R be the ring W (k) of Witt vectors, and let K be the quotient field of R. Let E
be an elliptic curve over K of Kodaira-Ne´ron reduction type I∗r , with r > 0, and
let θ be a volume form on E. Let E be the minimal snc-model of E. Using the
triviality of ωE/R, one immediately checks that Sk(E, θ) is homeomorphic to [0, 1]
(see Figure 5; this also follows from [BaN16, 3.3.13]). However, there are examples
of such curves E that acquire good reduction over a quadratic extension K ′ of K;
they have been classified in [Lo10, 2.8]. In those cases, Sk(E′, θ′) is a point.
 
2 2 2 2 
1 1 1 1 
Figure 5. The skeleton of the minimal snc-model E of an elliptic
curve E of type I∗r , r > 0. The vertices are labelled with the
multiplicities of the corresponding components in Ek. The number
of vertices of multiplicity two is r + 1. The bold part of the graph
is Sk(E, θ), for any volume form θ on E.
5. Lebesgue measures on skeleta
In this section we study Lebesgue type measures on the skeleta of log
regular models, induced by the canonical integral affine structures on the faces.
Throughout, X is a smooth and proper K-scheme of pure dimension.
5.1. Definitions. Let X be a log regular proper R-model for X, ξ the generic
point of a stratum of Xk, and τ the corresponding face of Sk(X ). Write d for the
dimension of τ . The face τ carries an integral K-affine structure induced by the
characteristic monoid CF (X ),ξ (see Section 4.1). This integral affine structure gives
rise to a measure on τ : the real affine space
{α ∈ Hom(CF (X ),ξ,R) |α($) = 1}
spanned by τ is a torsor under the action of the real vector space
{α ∈ Hom(CF (X ),ξ,R) |α($) = 0}
by translation, and the latter space carries a canonical translation-invariant measure
|dv1 ∧ . . . ∧ dvd| where v1, . . . , vd is any basis for the lattice
{α ∈ Hom(CF (X ),ξ,Z) |α($) = 0}.
This measure induces a measure on τ , which we call the integral Lebesgue measure
(when τ has dimension d = 0, we interpret this definition as the Dirac measure on
τ). Equivalently, the integral Lebesgue measure on τ is the limit of the discrete
measures
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1
ed
∑
x∈τ((1/e)Z)
δx
over all positive integers e, ordered by divisibility, where the sum is taken over the
(1/e)Z-integral points in τ and δx denotes the Dirac measure at x.
For every nonnegative integer d, we denote by λ
(d)
X the measure supported on the
union of the d-dimensional faces in Sk(X ) whose restriction to each d-dimensional
face is the integral Lebesgue measure.
Proposition 5.1.1. Let X and Y be log regular proper R-models of X. Then, for
every nonnegative integer d, the measures λ
(d)
X and λ
(d)
Y coincide on the intersection
of the d-skeleta of Sk(X ) and Sk(Y ).
Proof. It follows directly from the definitions that the retraction
ρX : X
an → Sk(X )
is piecewise K-affine on every face of Sk(Y ) ⊂ Xan. The analogous property holds
when we swap X and Y . Thus the piecewise K-affine structures on Sk(X ) and
Sk(Y ) agree on the intersection Sk(X ) ∩ Sk(Y ), so that the measures λ(d)X and
λ
(d)
Y coincide on Sk
(d)(X ) ∩ Sk(d)(Y ). Alternatively, we can reduce to the case
where X and Y are snc-models by means of regular proper subdivisions of their
fans [Ka94, 10.4], and apply [MN15, 3.2.4]. 
Example 5.1.2. Let Y →X be a toroidal modification, corresponding to a proper
subdivision of the fan of X [Ka94, §9]. Then the polyhedral complex Sk(Y ) is a
subdivision of Sk(X ), and both skeleta are equal as subsets of Xan. If d is the
dimension of Sk(X ), then λ
(d)
X = λ
(d)
Y . We can always choose our subdivision of
the fan of X in such a way that Y is an snc-model of X [Ka94, 10.4]. In that case,
we call Y →X a toroidal resolution of X .
5.2. Behavior under ground field extension. Now consider a finite extension
K ′ of K, and set X ′ := X ⊗K K ′. We have a canonical surjective map
pr: (X ′)an → Xan. Let X be a log regular proper R-model of X, and let X ′
be the normalization of X ⊗R R′, where R′ is the integral closure of R in K ′.
Assume that X is log smooth over S = Spec R, or that K ′ is tamely ramified
over K. By Proposition 3.2.1, X ′ is a log regular proper R′-model of X ′. Further,
Proposition 4.2.1 shows that pr−1(Sk(X )) = Sk(X ′) and that pr maps any face
τ ′ of Sk(X ′) homeomorphically onto a face τ of Sk(X ).
Proposition 5.2.1. In the situation above, pr identifies the measures λ
(d)
X ′ |τ ′ and
ed · λ(d)X |τ for every d ≥ 0, where e = e(K ′/K) is the ramification index.
Proof. We use the notation of the proof of Proposition 4.2.1. The restriction of pr
to τ ′ corresponds to the map prξ′ on characteristic monoids. The assertion now
follows from the fact that prξ′ is given by restriction and then multiplication by
e−1. 
If pr maps Sk(X ′) homeomorphically onto Sk(X ), we therefore have that
pr∗λ
(d)
X ′ = e
dλ
(d)
X for every d. This is the case in the setting of Proposition 4.2.2, for
example. In general, we only have the inequality pr∗λ
(d)
X ′ ≥ edλ(d)X . Below we define
a weighted Lebesgue measure that behaves better under ground field extension.
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5.3. Tame degree function. In the setting of Proposition 4.2.2, if Xk is not
reduced or k is not separably closed, then open faces of the skeleton Sk(X ) may
split into multiple copies by taking the inverse image in (X ′)an. In order to encode
the number of copies, we introduce the following invariant.
Definition 5.3.1. The tame degree function tdegK : X
an → N ∪ {∞} maps each
point x of Xan to the extension degree of the tame closure of K in H (x).
Lemma 5.3.2. Let X be log smooth proper R-model for X. Then for every point
x of Sk(X ), the tame closure of K in H (x) is separably closed in H (x).
Proof. The result is trivial when k has characteristic zero, so we may assume that
k has positive characteristic p. By base change to the completion of the maximal
unramified extension of K, we can reduce to the case where k is separably closed.
Let x be a point of Sk(X ) and assume that K has a wild finite separable extension
L inside H (x). We will deduce a contradiction.
Replacing K by a finite tame extension in L, we may assume that [L : K] is
a power of p. Let e be the least common multiple of the multiplicities of the
components in the special fiber Xk. We claim that there exists a finite extension
K ′ of K of ramification degree divisible by e that is linearly disjoint from L. Let
R′ be the integral closure of R in K ′, and let X ′ be the normalization of X ⊗RR′.
By Proposition 3.2.2, X ′ is a log smooth proper R′-model of X ′ = X ⊗K K ′ with
reduced special fiber. Proposition 4.2.1 implies that for each point x′ of (X ′)an
that lies above x, the field K ′ is separably closed in H (x′), since the point x′ does
not split under further extensions of K ′. This contradicts the fact that the K ′-field
K ′L embeds into H (x′).
It remains to prove our claim. Since we can freely replace K by a finite tame
extension, we may assume that e is a power of p by Proposition 3.2.2, and that
K contains all the p-th roots of unity in Ka. We may also assume that K has
characteristic zero, since otherwise, we can simply take K ′ = K[x]/(xe−$) for any
uniformizer $ in R. This is a purely inseparable extension of K, and thus certainly
linearly disjoint from the separable extension L.
So assume that K has characteristic zero and contains µp(K
a), and that e is a
power of p. Since L contains only finitely many extensions of K, it is enough to show
that K has infinitely many ramified extensions of degree p, up to K-isomorphism;
the result then follows from induction on e. For every α in R×, we denote by Kα
the splitting field of the Eisenstein polynomial T p − $ − α$2 in Ka. This is a
totally ramified Galois extension of degree p. We will prove that, for all elements α
and β in R× whose residues α and β are distinct in k×, the fields Kα and Kβ are
linearly disjoint over K (note that k is infinite because we have reduced to the case
where it is separably closed). Assume that Kα = Kβ . Then, by Kummer theory,
the element
1 + α$
1 + β$
= 1 + (α− β)$ + . . .
is a p-th power in R. The field K is absolutely ramified because it contains µp(K
a).
Thus the ring R/($2) has characteristic p, and we find that (α − β)$ is a p-th
power in this ring. This is absurd, because (α− β)$ is a uniformizer of R. 
Proposition 5.3.3. Let X be a log regular proper R-model of X.
(1) Let K ′ be a finite extension of K. Assume either that X is log smooth
over S = Spec R or that K ′ is a tame extension of K. Let x be a point in
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Sk(X ) and denote by Fx the fiber of (X ⊗K K ′)an above x. Then we have
tdegK(x) =
∑
x′∈Fx
tdegK′(x
′).
(2) Assume that the multiplicity of each component of Xk is a power of p, and
that the strata of Xk are geometrically connected over k. Then tdegK = 1
on Sk(X ).
(3) There exists a tame finite extension L of K such that, for every tame finite
extension K ′ of L and every point x of Sk(X ), the tame degree tdegK(x)
at x equals the number of points in (X ⊗K K ′)an lying above x.
(4) The tame degree function tdegK is finite and constant on each open face of
Sk(X ).
Proof. (1) We may assume that K ′ is separable over K, since purely inseparable
extensions of the base field have no effect on the tame degree. Denote by L the tame
closure of K in H (x). Then L⊗KK ′ is a product L′1× . . .×L′r of tame extensions
of K ′. Moreover, H (x) is linearly disjoint from L′i over L, for every i: if K
′ is tame
over K, this is a direct consequence of the definition of L; if X is log smooth, it
follows from the fact that L is separably closed in H (x), by Lemma 5.3.2. Thus
Fx consists of precisely r points, with residue fields L
′
i ⊗L H (x) for i = 1, . . . , r,
and L′i is the tame closure of K
′ in L′i ⊗LH (x). Now the result follows from the
fact that the degree of L over K is the sum of the degrees of the fields L′i over K
′.
(2) Let K ′ be a tame finite extension of K, and denote by R′ the integral closure
of R in K ′. Let X ′ be the normalization of X ⊗R R′. By Proposition 5.1.1,
the pullback to Sk(X ) of the projection morphism (X ⊗K K ′)an → Xan is a
homeomorphism Sk(X ′) → Sk(X ). Thus when x is a point of Sk(X ), the fiber
Fx =M(K ′ ⊗K H (x)) is a point. It follows that K has no non-trivial tame finite
extensions in H (x).
(3) By Corollary 3.2.3, we can find a tame finite extension L of K such that
the normalized base change of X satisfies the conditions of (2). Now the assertion
follows immediately from (1) and (2).
(4) Let L be a field satisfying the properties in point (3). Denote by R′
the integral closure of R in L. Let X ′ be the normalization of X ⊗R R′. By
Proposition 4.2.1, the preimage under
(X ⊗K L)an → Xan
of each open face τ of Sk(X ) is a disjoint union of homeomorphic copies of τ . In
particular, all the fibers over points in τ have the same cardinality. By point (3),
this cardinality equals the value of the tame degree function on τ . 
5.4. Stable Lebesgue measures. We now use the tame degree function to define
weighted Lebesgue measures that behave well under base change.
Definition 5.4.1. Let X be a log regular proper R-model of X. For every
nonnegative integer d, we define the stable measure on the d-skeleton of Sk(X )
to be the measure
λ
(d),s
X = tdegK · λ(d)X ,
where tdegK is the tame degree function on X
an.
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Proposition 5.4.2. For every log regular proper R-model X of X and every d ≥ 0,
we have
λ
(d)
X ≤ λ(d),sX .
If Y is another log regular proper R-model of X, then λ
(d),s
X and λ
(d),s
Y coincide
on the intersection of the d-skeleta of Sk(X ) and Sk(Y ). If the strata of Xk are
geometrically connected over k, and the multiplicity of each component in Xk is a
power of p, then λ
(d),s
X = λ
(d)
X .
Proof. The inequality λ
(d)
X ≤ λ(d),sX is obvious from the definition of the stable
measure. The compatibility of the stable measure with a change of model
immediately follows from Proposition 5.1.1 and the intrinsic nature of the tame
degree function tdegK on X
an. If the strata of Xk are geometrically connected
over k, and the multiplicity of each component in Xk is a power of p, then tdeg = 1
on Sk(X ) by Proposition 5.3.3, so that λ
(d),s
X = λ
(d)
X . 
Proposition 5.4.3. Let K ′ be a finite extension of K of ramification degree e,
and let R′ be the integral closure of R in K ′. Denote by X ′ the normalization of
X ⊗R R′. Assume either that X is log smooth over S = Spec R or that K ′ is a
tame extension of K. Then λ
(d),s
X is the pushforward of the measure (1/e)
dλ
(d),s
X ′ on
the d-skeleton of Sk(X ′). If k is separably closed and e is divisible by the prime-to-p
parts of the multiplicities of all the components in Xk, then λ
(d),s
X is the pushforward
of (1/e)dλ
(d)
X ′ .
Proof. The compatibility of the stable measure with base change follows from
Propositions 5.2.1 and 5.3.3. If e is divisible by the prime-to-p parts of the
multiplicities of all the components inXk, then the multiplicities of the components
of X ′k are powers of p, by Proposition 3.2.2. Thus if we also assume that k is
separably closed, then λ
(d),s
X ′ = λ
(d)
X ′ , and λ
(d),s
X is the pushforward of (1/e)
dλ
(d)
X ′ . 
5.5. Example: faces of dimension one. Let X be a smooth and proper K-
scheme, and let X be a log regular proper R-model of X. An equivalent way
of describing the integral Lebesgue measure λ
(1)
X on Sk(X ) is to consider the
corresponding metric on each one-dimensional face τ . Let ξ be the point in the
fan F (X ) corresponding to the face τ ; in other words, ξ is the generic point of the
stratum of Xk corresponding to τ . We denote by $ the image of the uniformizer
$ ∈ R in the characteristic monoid CX ,ξ. Let ρ be the largest positive integer that
divides $; this is the root index of X at ξ defined in Section 4.3. Let v1, v2 be
primitive generators of the rays of the two-dimensional real cone
Hom(CX ,ξ,R≥0).
They correspond to the irreducible components E1 and E2 ofXk that pass through
the point ξ, and the multiplicity of Ei in Xk is equal to Ni = 〈$, vi〉 for i = 1, 2.
Finally, we define the determinant of the monoid CX ,ξ to be the absolute value of
the determinant det(v1, v2). A straightforward computation shows that the lattice
length of the face τ is equal to
`(τ) =
ρ · det(CX ,x)
N1 ·N2 .
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If X is an snc-model, then CX ,x ∼= N2, and the formula simplifies to
`(τ) =
gcd(N1, N2)
N1 ·N2 =
1
lcm(N1, N2)
.
If X is a curve, then, as a topological space, Sk(X ) is nothing but the dual graph
of Xk, and our calculation shows that the metric on Sk(X ) corresponding to the
integral Lebesgue measure λ
(1)
X coincides with the stable metric from [BaN16, A.1].
5.6. Measures on Kontsevich–Soibelman skeleta. Let X be a smooth and
proper K-scheme of pure dimension. If A is a subset of Xan that can be realized
as a union of faces in Sk(X ), for some log regular proper R-model X of X, then
the set A carries two natural measures: if we denote by d the dimension of A,
then we can consider the integral Lebesgue measure λA = λ
(d)
X |A and the stable
measure λsA = λ
(d),s
X |A. These measures are independent of the choice of X , by
Proposition 5.1.1. We apply this construction in the following cases.
Definition 5.6.1. Let θ be a pluricanonical form on X that is not identically
zero on any connected component of X. Assume that X has a log regular proper
R-model X .
(1) The Lebesgue measure λSk(X,θ) and the stable measure λ
s
Sk(X,θ) are the
restrictions of the measures λ
(d)
X and λ
(d),s
X to Sk(X, θ), where d is the
dimension of Sk(X, θ).
(2) Likewise, the Lebesgue measure λSk(X) and the stable measure λ
s
Sk(X) are
the restrictions of the measures λ
(d)
X and λ
(d),s
X to Sk(X), where d is the
dimension of Sk(X).
(3) We define the temperate parts Skt(X) and Skt(X, θ) as the closures of the
sets of tame divisorial points in Sk(X) and Skt(X, θ), respectively. These
are unions of faces of Sk(X ), by Proposition 4.3.8. The Lebesgue measure
λSkt(X) and the stable measure λ
s
Skt(X) are the restrictions of the measures
λ
(d)
X and λ
(d),s
X to Sk(X), where d is the dimension of Sk
t(X). The measures
λSkt(X) and λ
s
Skt(X,θ) are defined analogously.
These definitions are independent of the choice of X . If k has characteristic
zero, X is a geometrically connected, smooth and projective K-scheme, and the
canonical bundle ωX is trivial, then Sk(X) is a connected pseudo-manifold with
boundary, by [NX16, 4.2.4]. In particular, if we set d = dim(Sk(X)) and if X is a
log regular proper R-model of X, then Sk(X) is a union of d-dimensional faces of
Sk(X ). Thus, in this case, Sk(X) is equal to the support of the measures λSk(X)
and λsSk(X). In the general case, the measures in Definition 5.6.1 only detect the
top dimensional parts of Sk(X, θ) and Sk(X).
Remark 5.6.2. We have shown in Proposition 4.3.4 that Skt(X ) = Sk(X ) ∩Xt
when X is a log regular proper R-model of X. However, Skt(X, θ) can be strictly
smaller than Sk(X, θ) ∩Xt, and Skt(X) can be strictly smaller than Sk(X) ∩Xt.
This happens, for instance, when k has characteristic 2 and E is an elliptic curve of
reduction type I∗r , r ≥ 0 (see Examples 4.3.9 and 4.5.2): we have Sk(E) = Sk(E, θ)
for any volume form θ on E, and Sk(E) does not contain any tame divisorial points,
so that Skt(E) = Skt(E, θ) = ∅. On the other hand, Sk(E) ∩ Et = Sk(E) when
n = 0, and Sk(E) ∩ Et consists of the two endpoints of Sk(E) when n > 0.
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6. Convergence of non-archimedean pluricanonical measures
In this section we prove a precise version of the Main Theorem in the
Introduction.
6.1. Toy example: the Lang–Weil estimates. As a toy model for our results
over non-archimedean local fields, we first explain how the asymptotic Lang–Weil
estimates can be viewed as a version of our convergence results over finite fields.
Let F be a finite field of cardinality q, and let Z be an integral F -scheme of finite
type, of dimension n. We endow F with its trivial absolute value, and denote by
Zan the F -analytic space associated with Z. We fix an algebraic closure F a of
F and we denote by EaF the set of finite field extensions of F in F a, ordered by
inclusion. By the Lang–Weil estimates, we know that
|Z(F ′)− cZqn[F ′ : F ]| = O(qn[F ′ : F ]−1/2)
as F ′ ranges through EaF , where cZ denotes the number of geometric irreducible
components of Z. Note that cZ is equal to the degree of the algebraic closure of F
in the function field of Z; this invariant plays the role of the tame degree of Z at
its generic point.
Proposition 6.1.1. Let X be an integral proper F -scheme, of dimension n. Denote
by η the point of Xan corresponding to the trivial absolute value on the function
field of X, and by cX the number of geometric irreducible components of X. As F
′
ranges through EaF , the pushforward to Xan of the normalized counting measure
q−n[F
′ : F ]
∑
x∈X(F ′)
δx
on X(F ′) converges to cXδη. Here δx and δη denote the Dirac measures at x and
η, respectively.
Proof. In order to prove the convergence of the measures, we first define a suitable
class of test functions. Let h : Y → X be a proper birational morphism and let D
be an effective Cartier divisor on Y such that the restriction of h to Y \ D is an
open immersion. With such a pair (Y,D) we associate a continuous function
φY,D : X
an → R
that is defined in the following way. If x is a point of the image of Dan under han,
then φY,D(x) = 0. Otherwise, the preimage of x under h
an consists of a unique
point y in (Y \D)an, and we set φY,D(x) = |f(y)| where f is a local equation for
D at the point spY (y) (the center of y on Y ).
We call a function of the form φY,D a model function for X. We denote by T (X)
the real sub-vector space of C0(Xan,R) generated by the model functions. The set
of model functions is closed under multiplication: if φY,D and φY ′,D′ are two model
functions for X, then φY,D · φY ′,D′ is the model function associated with the sum
of the pullbacks of D and D′ to Y ×X Y ′. Moreover, the constant function 1 on
Xan is the model function associated with the zero divisor on X. Thus T (X) is a
sub-R-algebra of C0(Xan,R).
We will now show that the model functions for X separate points on Xan. Let x
and x′ be distinct points of Xan, and denote by spX : X
an → X the specialization
map that sends a point of Xan to its center on X. If spX(x) 6= spX(x′) then,
swapping x and x′ if necessary, we may assume that spX(x
′) does not lie in the
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closure of {spX(x)}. Then we can separate x and x′ by the model function φY,D
where Y is the blow-up of X along the closure of {spX(x)} (with its reduced
induced structure) and D is the inverse image of the center of the blow-up. Indeed,
φY,D(x) < 1 whereas φY,D(x
′) = 1. If spX(x) = spX(x
′) then we can find an
open subscheme U of X and a regular function f on U such that spX(x) lies in U
and |f(x′)| 6= |f(x)|. We denote by D0 the schematic closure in X of the closed
subscheme of U defined by f = 0. Let Y be the blow-up of X along D0 and denote
by D the inverse image of D0 on Y . Then φY,D(x) = |f(x)| and φY,D(x′) = |f(x′)|,
so that φ(X,D) separates x and x
′.
The Stone-Weierstrass theorem now implies that T (X) is dense in C0(Xan,R)
for the topology of uniform convergence. Thus it suffices to show that for every
model function φ = φY,D of X, the sum
q−n[F
′ : F ]
∑
x∈X(F ′)
φ(x)
converges to cXφ(η) = cX as F
′ ranges through EaF (here we made a small abuse of
notation by writing φ(x) for the value of φ at the image of x in Xan). By definition,
φ(x) = 0 if x lies in D(F ′), and φ(x) = 1 otherwise. Thus, writing Z = Y \D, we
have
q−n[F
′ : F ]
∑
x∈X(F ′)
φ(x) = q−n[F
′ : F ]|Z(F ′)|
and this expression converges to cZ = cX by the Lang–Weil estimates for Z. 
Remark 6.1.2. One can also formulate a variant of Proposition 6.1.1 that involves
pluricanonical forms on X, to strengthen the analogy with the local field case that
will be discussed below. Let X be a connected smooth and proper F -scheme, and
let θ be a non-zero pluricanonical form on X. For every finite extension F ′ of F ,
this form induces a discrete measure on X(F ′) that gives mass zero to every point
in the zero locus div(θ) of θ, and mass one to every other point in X(F ′). We
denote by νθ,F ′ the pushforward to X
an of the normalized measure
q−n[F
′ : F ]
∑
x∈(X\div(θ))(F ′)
δx
on X(F ′). The same arguments as in the proof of Proposition 6.1.1 shows that this
measure converges to cXδη as F
′ ranges through EaF .
6.2. Model functions. Now we return to our original setting, where K is a
complete discretely valued field. Let X be a smooth and proper K-scheme of
pure dimension n.
In order to study convergence of measures on Xan, we again need a suitable
class of test functions. Let X be a normal proper R-model for X and let D be an
effective Cartier divisor on X . Then D defines a continuous function on Xan:
φD : X
an → [0, 1] : x 7→ |f(x)|
where f is a local equation for D at the point spX (x). We call such a function
a model function for X. We call D a vertical divisor if it is supported on Xk; in
that case, we also say that the model function φD is vertical (this is equivalent to
the property that φD is nowhere vanishing). Note that φD remains invariant under
pullback of D to a proper R-model dominating X , and that φD+D′ = φD · φD′ for
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all effective Cartier divisors supported on Xk. It follows that the class of vertical
model functions for X is closed under multiplication.
Proposition 6.2.1. For every pair of distinct points x, x′ on Xan, we can find
a proper R-model X and a vertical effective Cartier divisor D on X such that
φD(x) 6= φD(x′).
Proof. It is well-known that we can find a proper R-model Y of X such that
spY (x) 6= spY (x′); see for instance [MN15, 2.3.2]. By symmetry, we may assume
that spY (x
′) is not contained in the Zariski-closure of {spY (x)}. Denote by Z the
schematic closure of {spY (x)} in Y . Then we can take for X the blow-up of Y at
Z, and for D the schematic inverse image of Z in X . Indeed, φD(x′) = 1 whereas
φD(x) < 1. 
Corollary 6.2.2. The real sub-vector space of C0(Xan,R) generated by the vertical
model functions is dense in the topology of uniform convergence.
Proof. The class of vertical model functions is closed under multiplication, and it
separates points by Proposition 6.2.1. It also contains the constant function φXk
with value |$|. Thus the result follows from the Stone-Weierstrass theorem. 
In our calculations below, we will need the following useful property.
Proposition 6.2.3. Let X be a log regular proper R-model of X. Let φ be a
vertical model function on Xan. Then there exist a toroidal resolution Y → X
and a closed subset A of Yk such that A does not contain any strata of Yk and
φ = φ ◦ ρY on Xan \ sp−1Y (A).
Proof. We say that a coherent ideal sheaf I on X is vertical if it contains $` for
some ` > 0. We can then define a function
φI : X
an → (0, 1]
by taking φI (x) to be the maximum of the absolute values |f(x)| where f runs
through the stalk of I at spX (x). When I is the defining ideal sheaf of a vertical
effective divisor D, we have φI = φD.
It follows from Proposition 2.2 in [BFJ16] that we can find vertical ideal sheaves
I and J on X such that φ = φI /φJ (the overall assumption in [BFJ16] that
k has characteristic zero was not used in the proof of that proposition). Thus it
suffices to prove the statement for φ = φI , where I is any vertical ideal sheaf on
X .
Replacing X by a toroidal resolution, we may assume that X is an snc-model
of X. On each face of the skeleton Sk(X ), the function log(φ) is the maximum of
finitely many piecewise K-affine functions, by [MN15, 3.2.2]. Thus log(φ) is itself
piecewise K-affine. Subdividing the skeleton Sk(X ) and taking the corresponding
toroidal modification of X , we can reduce to the case where log(φ) is affine on
every face of Sk(X ). By means of a further subdivision, we can arrange that X is
still an snc-model.
Now we decompose I as J ·OX (−D) where D is a vertical effective divisor on
X and J is a vertical ideal sheaf satisfying Jξ = OX ,ξ for every generic point
ξ of Xk. Then φ = φJ · φD, and it follows directly from the definition of the
retraction map ρX that φD = φD ◦ ρX . Let A be the zero locus of the ideal sheaf
J on X . Since φJ = 1, and thus φ = φD, on the complement of sp
−1
X (A), it is
enough to show that A does not contain any stratum of Xk.
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The functions log(φ) and log(φD) are affine on every face of Sk(X ), so that the
same holds for φJ . Since φJ takes the value 1 at every vertex of Sk(X ), this
implies that φJ = 1 on the whole of Sk(X ). This means that at the generic point
ξ of every stratum of Xk, we have Jξ = OX ,ξ (otherwise, φJ would be strictly
smaller than 1 on the interior of the face of Sk(X ) corresponding to this stratum).
Thus A does not contain any stratum of Xk. 
6.3. The measure associated with a pluricanonical form. For the remainder
of this section, we assume that k is finite. We denote its characteristic by p and
its cardinality by q = pa. We normalize the absolute value on K by |$|K = q−1,
where $ ∈ R is any uniformizer. The valued field K is either a finite extension
of Qp, or a Laurent series field over the finite field k. In both cases, K is locally
compact, and thus carries a Haar measure µHaar, which we normalize by requiring
that µHaar(R) = 1.
As X is a smooth and proper K-scheme X of pure dimension n, the set X(K) of
rational points can be turned into a compact n-dimensionalK-analytic manifold in a
canonical way. Moreover, every canonical form θ on X gives rise to a canonical form
on X(K), which at its turn induces a measure |θ| on X(K); see for instance [CNS18,
§1.1]. This construction can be immediately generalized to pluricanonical forms;
we will briefly review the definitions and basic properties. Let θ be an m-canonical
form on X, for some positive integer m. We can partition X(K) into finitely many
compact open sets U1, . . . , Ur such that, for every i in {1, . . . , r}, there exists a
K-analytic open embedding φi : Ui → Kn. We set Vi = φi(Ui) and we denote by
ψi : Vi → Ui the inverse of φi. Then we can write ψ∗i θ as gidx⊗m for a unique
K-analytic function gi on Vi, where dx denotes the standard volume form on K
n.
The measure |θ| is now characterized by the property that, for every continuous
function f : X(K)→ R, we have∫
X(K)
f |θ| =
r∑
i=1
∫
Vi
(f ◦ ψi)|gi|1/mK dµHaar.
The change of variables formula guarantees that this definition does not depend on
the choice of the charts φi.
6.4. Convergence of the measure under unramified extensions. Now let θ
be an m-canonical form on X, for some m > 0. Assume that θ is not identically
zero on any connected component of X.
For any finite extension K ′/K, we have a continuous map
piK′ : X(K
′)→ Xan,
defined as the composition of the injection X(K ′) ↪→ (X ′)an and the projection
pr : (X ′)an → Xan.
Recall from Section 2.3 that we denote by ordmin(X, θ) the minimum of ordC(θ)
over the connected components C of some weak Ne´ron model U of X; this value
does not depend on U , by Proposition 2.3.3.
Definition 6.4.1. For every finite unramified extension K ′ of K, we set
νθ,K′ := q
ordmin(X,θ)[K
′ : K](piK′)∗|θ ⊗K K ′|;
this is a positive Radon measure on (X ′)an.
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Let EurK be the set of finite extensions K ′ of K in Kur, ordered by inclusion. Our
next result refines the unramified case of the Main Theorem in the introduction. It
is valid unconditionally in all characteristics; in particular, it does not require the
existence of an snc-model of X.
Theorem 6.4.2. As K ′ ranges through EurK , the measures νθ,K′ converge to the
discrete measure
µX,θ =
∑
x∈Sh(X,θ)
tdegK(x)δx
on Xan, where tdegK is the tame degree function from Section 5.3, and Sh(X, θ) is
the Shilov boundary of (X, θ) defined in Section 2.3.
If U is a smooth R-model of X, C is a connected component of Uk, and x ∈ Xan
is the divisorial point associated with (U , C), thenH (x) is a discretely valued field
of ramification index one over K with residue field k(C). Since C is smooth over k,
the field k(C) is separable over k. It follows that the tame closure of K in H (x)
is algebraically closed, and that tdegK(x) is equal to the number of geometric
connected components of C. In particular, it is finite.
The proof of Theorem 6.4.2 relies on the following estimates.
Proposition 6.4.3. Let U be a smooth R-model of X, and write
divU (θ) =
∑
C∈pi0(Uk)
ordC(θ)C +H
where H is an effective Cartier divisor on U that is horizontal (i.e., flat over R).
Let D be a vertical effective Cartier divisor on U . For every connected component
C of Uk, we denote by ordC(D) the multiplicity of C in D.
Let K ′ be a finite unramified extension of K, with valuation ring R′ and residue
field k′. Then we have∑
C∈pi0(Uk)
q−(ordC(θ)+ordC(D))[K
′ : K]|(C \H)(k′)|
≤ qdim(X)[K′ : K]
∫
U (R′)
φD ◦ piK′ |θ ⊗K ′|
≤
∑
C∈pi0(Uk)
q−(ordC(θ)+ordC(D))[K
′ : K]|C(k′)|.
In particular, if U is a weak Ne´ron model of X, then∑
C∈pi0(Uk)
q−(ordC(θ)+ordC(D))[K
′ : K]|(C \H)(k′)|
≤ qdim(X)[K′ : K]
∫
X(K′)
φD ◦ piK′ |θ ⊗K ′|
≤
∑
C∈pi0(Uk)
q−(ordC(θ)+ordC(D))[K
′ : K]|C(k′)|.
Proof. Since the property of being a weak Ne´ron model is preserved by unramified
base change, and q[K
′ : K] is the cardinality of the residue field of K ′, we may assume
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that K = K ′. Let C be a connected component of Uk, and let ξ be a point of C(k).
We set A = X(K) ∩ sp−1U (ξ). Then it suffices to show that∫
A
φD|θ| ≤ q− dim(X)−ordC(θ)−ordC(D),
and that equality holds when ξ is not contained in H. Multiplying θ with
$−ordC(θ)m, we can reduce to the case where ordC(θ) = 0. Since φD is constant on
A with value q−ordC(D), we may also assume that D = 0, and hence φ = 1.
Let h be a local equation for the Cartier divisor H at the point ξ. We denote by
m the maximal ideal in R. Locally at ξ, we can find an e´tale morphism of R-schemes
U → AnR that maps ξ to the origin of Ank . This morphism induces a K-analytic
isomorphism φ : A→ mn. Moreover, the form induced by θ on S can be written as
uhφ∗(dx)⊗m where dx is the standard volume form on Kn and u is a unit in OU ,ξ.
We have |u| = 1 and |h| ≤ 1 on S, and |h| = 1 if ξ is not contained in H. Now the
result follows from the fact that the Haar measure of mn is equal to q− dim(X). 
Proof of Theorem 6.4.2. By Corollary 6.2.2, it is enough to show that∫
Xan
φD dνθ,K′ =
∫
X(K′)
φD ◦ piK′ |θ ⊗K ′|
converges to ∑
x∈Sh(X,θ)
degK(x)φD(x)
for every proper R-model X of X and every effective Cartier divisor D supported
on Xk. Applying a Ne´ron smoothening to X and pulling back D, we may assume
that the R-smooth locus U = Sm(X ) of X is a weak Ne´ron model of X. Since
the property of being a weak Ne´ron model is preserved by unramified base change,
the measures νθ,K′ are all supported on the compact analytic domain Ûη in Xan.
For every connected component C of Uk, we denote by ordC(D) the multiplicity
of D along C. Then the function φD is constant on sp
−1
X (C) with value q
−ordC(D).
The result now follows from Proposition 6.4.3 and the Lang–Weil estimates: if we
denote by x ∈ Xan the divisorial point associated with (U , C), then we have
|C(k′)| ∼ |pi0(C ⊗k ks)|qdim(X)[K′ : K] = tdegK(x)qdim(X)[K
′ : K]
as [K ′ : K]→∞, and the same holds for |(C \H)(k′)|. 
6.5. A convergence lemma. In order to study convergence of pluricanonical
measures under ramified ground field extension, we will use the following result.
Lemma 6.5.1. Let P be a convex polytope in Rn with Q-rational vertices. Let
φ : P → R be a continuous function, and let
α : Rn → R
be an affine function. Assume that α is positive on the relative interior P˚ of P ,
and denote by d the dimension of the maximal face τ of P on which α vanishes; if
τ is empty, we set d = −1. We write λτ for the integral Lebesgue measure on the
affine space spanned by τ . We fix a real number r > 1. For all positive integers e
and f , we set
S(e, f) = e−d
∑
x∈P∩(1/e)Zn
φ(x)r−efα(x).
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(1) The value S(e, f) converges to
Iτ (φ) =
∫
τ
φdλτ
as e and f run through the positive integers ordered by divisibility. More
explicitly, for every ε > 0, there exist positive integers e0 and f0 such that
|S(e, f)− Iτ (φ)| < ε
whenever e0|e and f0|f .
(2) Let p be a prime number. Denote by N′ the set of positive integers that
are prime to p, ordered by divisibility. If τ has a Z(p)-integral point, then
S(e, f) converges to Iτ (φ) as e and f run through the directed set N′. If τ
does not have a Z(p)-integral point, then S(e, f) converges to 0.
Proof. We can reduce to the case where φ is nonnegative. Let M be the maximum
of φ on P . If τ is empty, we can bound r−efα(x) from above on P by ce for some
positive constant c < 1; thus S(e, f) converges to 0 as e → ∞, uniformly in f .
Therefore, we may assume that τ is non-empty.
For all positive integers e, we set
Sτ (e) = e
−d ∑
τ∩(1/e)Zn
φ(x).
Since α vanishes on τ , we have, for all e and f ,
Sτ (e) ≤ S(e, f) ≤ Sτ (e) +Me−d
∑
(P\τ)∩(1/e)Zn
r−efα(x).
The expression Sτ (e) converges to the integral Iτ (φ) as e runs through the positive
integers ordered by divisibility. If τ does not have a Z(p)-integral point, then Sτ (e) =
0 for every e in N′. If τ has a Z(p)-rational point, then we can find an element e in N′
and an integral (1/e)Z-affine isomorphism between τ and a d-dimensional polytope
in Rd. It follows that Sτ (e) converges to Iτ (φ) as e runs through the directed set
N′.
Thus it suffices to show that the expression
(6.5.2) e−d
∑
x∈(P\τ)∩(1/e)Zn
r−efα(x)
lies arbitrarily close to 0 when e and f are sufficiently large. After a Z-linear
coordinate transformation on Rn, we may assume that the affine span of τ is the
affine subspace defined by
xd+1 = qd+1, . . . , xn = qn
where qd+1, . . . , qn are rational numbers. Subdividing P into finitely many
polytopes, we may also assume that P is contained in the domain of Rn defined by
x1 ≥ 0, . . . , xd ≥ 0, xd+1 ≥ qd+1, . . . , xn ≥ qn.
Since α vanishes on τ and is positive on the relative interior of P , it is of the form
α(x1, . . . , xn) = ad+1(xd+1 − qd+1) + . . .+ an(xn − qn)
for some nonnegative real numbers ad+1, . . . , an, not all zero. In fact, we may
assume that aj > 0 for all j > d. Indeed, we can pick bj > 0, d < j ≤ n, such
that if we set β(x1, . . . , xn) =
∑n
d+1 bj(xj − qj), then β ≤ α on P (it suffices to
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verify this inequality on the vertices of P ), and it then suffices to show that the
expression in (6.5.2) tends to zero when α is replaced by β.
We choose a positive integer N such that P \ τ is contained in
Q = [0, N ]d × ( ([qd+1, N ]× · · · × [qn, N ]) \ {(qd+1, . . . , qn)} ) .
Then we can bound (6.5.2) from above by
(6.5.3) e−d
∑
x∈Q∩(1/e)Zn
r−efα(x).
This sum can be computed explicitly. For every i in {d + 1, . . . , n}, we denote by
mi the smallest integer such that mi ≥ eqi. We set δe,q = 1 if eqi is an integer for
every i in {d+ 1, . . . , n}, and δe,q = 0 otherwise. Then
(6.5.3) =
(1 + eN)d
ed
(
n∏
i=d+1
r−fai(eN−eqi+1) − r−fai(mi−eqi)
r−fai − 1 − δe,q
)
.
By definition, δe,q = 1 if and only if mi − eqi = 0 for all i; otherwise, δe,q = 0, and
mi − eqi is nonnegative for all i and positive for some i. Moreover, if mi − eqi is
positive and we write qi = ui/vi with ui, vi integers and vi > 0, then mi − eqi is
bounded below by 1/vi, which is independent of e. It follows that
n∏
i=d+1
r−fai(Ne+1−eqi) − r−fai(mi−eqi)
r−fai − 1 − δe,q → 0
as f →∞, uniformly in e. This concludes the proof. 
6.6. Convergence of the measure under ramified extensions. Let EaK be the
set of finite extensions K ′ of K in the algebraic closure Ka, ordered by inclusion.
We denote by EtK the subset of EaK consisting of tamely ramified extensions. For
every finite extension K ′ of K, we denote by e(K ′/K) its ramification degree over
K, and by f(K ′/K) the degree of the residue field of K ′ over the residue field k of
K. Since K is complete, we have
[K ′ : K] = e(K ′/K) · f(K ′/K).
As above, X is a smooth and proper K-scheme of pure dimension, and θ a non-zero
m-canonical form on X, for some m > 0, such that θ is not identically zero on any
connected component of X.
The following definition is a version of Definition 6.4.1 for ramified extensions.
Definition 6.6.1. For every finite extension K ′ of K, we set
νθ,K′ :=
qwtmin(X,θ)[K
′ : K]
e(K ′/K)dim(Sk(X,θ))
(piK′)∗|θ ⊗K K ′|
and
νtθ,K′ :=
qwtmin(X,θ)[K
′ : K]
e(K ′/K)dim(Skt(X,θ))
(piK′)∗|θ ⊗K K ′|,
where piK′ : X(K
′)→ Xan is the canonical map and Skt(X, θ) is the temperate part
of Sk(X, θ) (see Definition 5.6.1). If Skt(X, θ) is empty, we set dim(Skt(X, θ)) = −1.
Thus νθ,K′ and ν
t
θ,K′ are positive Radon measures on X
an.
Theorem 6.6.2. Assume that X has an snc-model.
38 MATTIAS JONSSON AND JOHANNES NICAISE
(1) As K ′ ranges through EtK , the measure νtθ,K′ converges to the stable Lebesgue
measure λsSkt(X,θ) supported on the temperate part of the Kontsevich–
Soibelman skeleton of the pair (X, θ).
(2) If X has a log smooth proper R-model, then as K ′ ranges through EaK , the
measure νθ,K′ converges to the stable Lebesgue measure λ
s
Sk(X,θ) supported
on the Kontsevich–Soibelman skeleton of the pair (X, θ).
Together with Theorem 6.4.2, this proves the Main Theorem in the introduction.
Proof. (1) Let X be a log regular proper R-model of X. For every point x of
Sk(X ), we denote by Ex the unique stratum ofXk with generic point spX (x); this
is the stratum corresponding to the unique face of Sk(X ) whose relative interior
contains x. We denote by Eox the complement in Ex of the intersections with all
the strata in Xk that do not contain Ex. As x runs through Sk(X ), the sets Eox
form a partition of Xk into locally closed subsets.
Let φ = φD be a vertical model function on X
an. By Proposition 6.2.3, we may
assume that there exists a closed subset A ofXk that does not contain any stratum
of Xk and such that φ = φ ◦ ρX on the complement of sp−1X (A). Let L be a tame
finite extension of K. It suffices to prove the theorem for the pair (X⊗K L, θ⊗K L)
over L instead of (X, θ): on the one hand,
wtmin(X ⊗K L, θ ⊗K L) = e(L/K)wtmin(X, θ)
and dim(Skt(X ⊗K L, θ ⊗K L) = dim(Skt(X, θ)), by Proposition 4.5.1 and the
definition of the temperate part of the skeleton; on the other hand, λsSkt(X,θ) is the
pushforward of
1
e(L/K)dim(Sk
t(X,θ))
λsSkt(X⊗KL,θ⊗KL)
to Xan, by Propositions 4.5.1 and 5.4.3. Thus, replacing X by its normalized base
change to the valuation ring of a suitable tame finite extension of K, and A by its
inverse image, we can reduce to the case where the multiplicities of the components
of Xk are powers of p, and all the strata of Xk are geometrically connected, by
Corollary 3.2.3.
We denote by H the Zariski closure in X of the zero locus of θ on X (this is
the support of the horizontal part of the divisor divX (θ)). Let K
′ be a tame finite
extension of K, and set e = e(K ′/K) and f = f(K ′/K); then [K ′ : K] = ef . We
denote by R′ the integral closure of R in K ′, and by k′ its residue field. We claim
that the following inequalities hold:(
qf − 1
qf
)dim(X) ∑
x∈Sk(X,θ)((1/e)Z)
φ(x)q−wtθ(x)ef−dim(Ex)f |(Eox \ (A ∪H))(k′)|
≤
∫
X(K′)
φ ◦ piK′ |θ ⊗K K ′|
≤
∑
x∈Sk(X )((1/e)Z)
φ(x)q−wtθ(x)ef−dim(Ex)f |Eox(k′)|.
Proposition 4.4.3 implies that Eox\H, and thus Eox\(A∪H), are non-empty whenever
x lies in Sk(X, θ). By the Lang–Weil estimates, q− dim(Ex)f |Eox(k′)| tends to 1 as
f →∞, and the same holds for q− dim(Ex)f |(Eox\(A∪H))(k′)| if Eox\H is non-empty.
The weight function wtθ is piecewise rational affine on Sk(X ), and achieves its
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minimal value wtmin(X, θ) precisely on Sk(X, θ). Now Propositions 4.3.6 and 4.3.8,
together with Lemma 6.5.1, imply that
qwtmin(X,θ)ef
edim(Sk
t(X,θ))
∫
X(K′)
φ ◦ piK′ |θ ⊗K K ′|
lies arbitrarily close to ∫
Skt(X,θ)
φdλsSkt(X,θ)
when K ′ is sufficiently large; this is what we wanted to prove.
So let us prove our claim. We write X ′ = X⊗KK ′ and we denote by θ′ = θ⊗KK ′
the pullback of θ to X ′. Let X ′ be the normalization of X ⊗R R′. Then the
projection morphism
pr: (X ′)an → Xan
induces a bijection
Sk(X ′)(Z)→ Sk(X )((1/e)Z),
by Proposition 4.2.1. For every point x′ in Sk(X ′), we can define a locally closed
subset Eox′ in the special fiber of X
′, in the same way as for the model X . By
the same calculation as in the proof of Proposition 4.1.2 in [BuN16], the morphism
X ′ →X maps Eox′ isomorphically onto Eopr(x′)⊗k k′. Since the residue field of K ′
has cardinality qf , and we have wtθ′ = e ·wtθ ◦pr by Proposition 4.5.1, it is enough
to prove the inequalities for K ′ = K; then e = f = 1.
Let h : Y →X be a toroidal resolution of X , associated with a regular proper
subdivision of the fan F (X ). Then Sk(Y ) is a subdivision of the polyhedral
complex Sk(X ); both are equal as subspaces of Xan, and they have the same
piecewise Z-integral structure (in particular, the same set of Z-integral points). For
every y in Sk(Y ), we define a locally closed subset F oy in Yk in the same way as
above (we use the letter F to distinguish it from the members of the partition
{Eox} of Xk). Since Y is a regular proper R-model for X, its R-smooth locus is a
weak Ne´ron model for X, by [BLR90, 3.1/2]; we denote it by U . The connected
components of Uk are exactly the sets F oy for Z-integral points y on Sk(Y ) (note
that all the Z-integral points of Sk(Y ) are vertices of Sk(Y ), by regularity of the fan
F (Y ); moreover, a vertex of Sk(Y ) is Z-integral if and only if the corresponding
component of Yk has multiplicity one). The morphism h induces a morphism
of k-schemes F oy → Eoy , and it follows from the construction of the morphism h
in the proof of [Ka94, 9.9] that F oy is a torsor over E
o
y with translation group
Gdim(X)−dim(E
o
x)
m,k . In particular, the map F
o
y (k)→ Eoy(k) is surjective, and its fibers
all have cardinality (q − 1)dim(X)−dim(Eox).
We can use the weak Ne´ron model U to get the bounds we need for the integral∫
X(K)
φ|θ|. In fact, we will prove a stronger property: for every y in Sk(Y )(Z), we
denote by Uy the open subscheme of U obtained by deleting all the components in
the special fiber except for F oy . Since U is a weak Ne´ron model for X, the set X(K)
is the union of the compact open subsets Uy(R) over all the points y in Sk(Y )(Z).
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We fix such a point y; then it is enough to prove that(
q − 1
q
)dim(X)
φ(y)q−wtθ(y)−dim(Ey)|(Eoy \ (A ∪H))(k)|
≤
∫
Uy(R)
φ|θ|
≤ φ(y)q−wtθ(y)−dim(Ey)|Eoy(k)|
We first deduce the upper bound. It follows easily from the definition of the
vertical model function φ = φD that, for every y in Sk(Y )(Z), the restriction of φ
to Uy(R) is bounded above by φ(y). Thus we may assume that D = 0 and φ = 1;
then Proposition 6.4.3 tells us that∫
Uy(R)
|θ| ≤ q−wtθ(y)−dim(X)|F oy (k)| = q−wtθ(y)−dim(E
o
y)|Eoy(k)|.
Finally, we prove the lower bound. We have constructed the set A in such a way
that φ(u) = φ(y) for all the points u in (Uy \ h−1(A))(R). Thus, we may again
assume that D = 0 and φ = 1. Since the horizontal part of divY (θ) is contained in
h−1(H), it follows from Proposition 6.4.3 that
q−wtθ(y)−dim(X)|(F oy \ h−1(A ∪H))(k)| ≤
∫
Uy(R)
|θ|.
Now it suffices to observe that
|(F oy \ h−1(A ∪H))(k)| = (q − 1)dim(X)−dim(Ey)|(Eoy \ (A ∪H))(k)|.
The proof of (2) is almost identical: by base change to a finite separable extension
of K, we can reduce to the case where X has a log smooth proper R-model X such
thatXk is reduced and all its strata are geometrically connected, see Corollary 3.2.4.
Then we can use exactly the same argument as before. 
7. Convergence of Shilov measures
We now prove a convergence theorem that is valid also for non-local fields. Let
K be a complete discretely valued field with perfect residue field k. Let X be
a smooth and proper K-scheme of pure dimension, and let θ be an m-canonical
form on X, for some m > 0, such that θ is not identically zero on any connected
component of X.
7.1. Shilov measures. For every x in Sh(X, θ), we denote by tdegK(x) the tame
degree of Xan at x. We have already explained after the statement of Theorem
6.4.2 that tdeg(x) is equal to the degree of the algebraic closure of K in H (x);
moreover, if U is a weak Ne´ron model of X and C is the connected component of
Uk corresponding to x, then tdegK(x) is equal to the number of geometric connected
components of C. In particular, it is finite.
The Shilov measure of (X, θ) is now defined as
µX,θ =
∑
x∈Sh(X,θ)
degK(x)δx,
in the same way as in Theorem 6.4.2. It only depends on the pair (X, θ). Note that
µX,θ = 0 when Sh(X, θ) = ∅.
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7.2. Base change of ramification index one. Let R′ be a complete discretely
valued extension of R, with quotient field K ′ and residue field k′. Assume that
K ′ has ramification index one over K and that k′ is separable over k. Then the
property of being a weak Ne´ron model is preserved under base change from R to
R′, by [BLR90, 3.6/7]. It follows immediately that Sh(X ⊗K K ′, θ ⊗K K ′) is the
inverse image of Sh(X,K) under the projection map (X ⊗K K ′)an → Xan, and
that µX,θ is the pushforward of the measure µX⊗KK′,θ⊗KK′ . The behavior under
ramified extensions is more subtle, and will be discussed next.
7.3. Convergence theorem. Now assume that X has an snc-model X over R.
By Proposition 4.4.3, the Kontsevich–Soibelman skeleton Sk(X, θ) is a union of
faces of Sk(X ), so that its dimension is well-defined. Let K ′ be a finite extension
of K. Set X ′ = X ⊗K K ′ and denote by θ′ the pullback of θ to X ′. We write
pr : (X ′)an → Xan for the natural projection morphism. We define a measure λθ,K′
on Xan by
λθ,K′ =
pr∗µX′,θ′
e(K ′/K)dim(Sk(X,θ))
where µX′,θ′ is the Shilov measure of (X
′, θ′). If the temperate part Skt(X, θ) of
Sk(X, θ) is non-empty (see Definition 5.6.1), we also define a measure λtθ,K′ on X
an
by
λtθ,K′ =
pr∗µX′,θ′
e(K ′/K)dim(Skt(X,θ))
.
Let EaK be the set of finite extensions K ′ of K in the algebraic closure Ka,
ordered by inclusion. We denote by EtK the subset of EaK consisting of tamely
ramified extensions.
Theorem 7.3.1. Assume that k is perfect, and that X has an snc-model over R.
(1) Let K ′ be a finite tame extension of K of ramification index e = e(K ′/K).
Assume that there exists a (1/e)Z-integral point on Sk(X, θ). Then the
Shilov boundary Sh(X ′, θ′) is the preimage in (X ′)an of the set of (1/e)Z-
integral points in Sk(X, θ).
(2) Assume that the temperate part Skt(X, θ) of the Kontsevich–Soibelman
skeleton of the pair (X, θ) is non-empty. As K ′ ranges through EtK , the
measure λtθ,K′ converges to the stable Lebesgue measure λ
s
Skt(X,θ) supported
on Skt(X, θ).
(3) Assume that X has a log smooth proper R-model. As K ′ ranges through
EaK , the measure λθ,K′ converges to the stable Lebesgue measure λsSk(X,θ)
supported on the Kontsevich–Soibelman skeleton of the pair (X, θ).
Proof. (1) We denote by R′ the valuation ring in K ′. Let X ′ be the normalization
ofX ⊗RR′. Then the skeleton Sk(X ′) is the inverse image of Sk(X ) in (X ′)an, by
Proposition 4.2.1. Moreover, the proof of Proposition 4.2.1 shows that the inverse
image of the set of (1/e)Z-integral points on Sk(X ) is the set of Z-integral points
on Sk(X ′). Let Y ′ → X ′ be a toroidal resolution of singularities, induced by
a regular proper refinement of the Kato fan of X [Ka94, §10]. Then Sk(Y ′) =
Sk(X ′), and the piecewise integral structure is preserved. By the definition of
the integral structure, the Z-integral points on Sk(Y ′) are precisely the vertices
corresponding to components of multiplicity one of the special fiber, or, equivalently,
to the connected components of the special fiber of the R-smooth locus Sm(Y ′).
Since Y ′ is regular and proper over R′, its R′-smooth locus is a weak Ne´ron model
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for X ′, by [BLR90, 3.1/2]. It follows from Proposition 4.5.1 that wtθ′ reaches its
minimal value at a divisorial point x′ in Sk(Y ′) if and only if wtθ is minimal at
the point pr(x′) in Sk(X ). Thus the Shilov boundary Sh(X ′, θ′) is the preimage
in (X ′)an of the set of (1/e)Z-integral points in Sk(X, θ), provided that this set is
non-empty.
(2) By Proposition 4.3.6 and our assumption that Skt(X, θ) is non-empty, we
know that Sk(X, θ) contains a (1/e0)Z-integral point, for some positive integer e0
prime to p. Let K ′ be a tame finite extension of K, of ramification index e divisibile
by e0. Using point (1) and Proposition 5.3.3(1), we can write
pr∗µX′,θ′ =
∑
x∈Sk(X,θ)((1/e)Z)
tdegK(x)δx
where the sum is taken over the (1/e)Z-integral points in Sk(X, θ). We set
d = dim Skt(X, θ). By Proposition 4.3.6, all (1/e)Z-integral points in Sk(X, θ)
are contained in Skt(X, θ). The proof of Proposition 4.3.8 implies that, when e
is sufficiently divisible, every d-dimensional face of Skt(X, θ) admits an integral
(1/e)Z-affine isomorphism to a polytope in Rd. The Lebesgue measure on Rd is the
limit of the discrete measures
1
ed
∑
x∈(1/e)Zd
δx,
where e runs through the positive integers that are prime to p, ordered by
divisibility. Therefore, the limit of the measures
pr∗µX′,θ′
e(K ′/K)d
over all K ′ in EtK is precisely λsSkt(X,θ).
(3) The proof is entirely similar to that of (2). 
8. Further questions
Theorems 6.6.2 and 7.3.1 leave some interesting open questions in the cases
where log smooth proper R-models do not exist. Let us look at an explicit example.
Assume that k is a finite field of characteristic 3, and let E be an elliptic curve of
Kodaira-Ne´ron reduction type IV . This curve is wildly ramified, so that it does
not have a log smooth proper R-model. Let E be the minimal snc-model of E over
R. The skeleton Sk(E ) is depicted in Figure 6. If θ is any volume form on E, then
Sk(E, θ) consists of the unique vertex of multiplicity 3 in Sk(E ). This vertex is a wild
divisorial point, so that Skt(E, θ) is empty (even though Sk(E, θ) ∩ Et = Sk(E, θ)
by Proposition 4.3.8). Thus the limit of the measures νtθ,K′ in Theorem 6.6.2(1) is
zero, and Theorem 7.3.1(2) says nothing about this example.
It is easy to compute the Shilov measures µE⊗KK′,θ⊗KK′ from Section 7.1, for
any tame finite extension K ′ of K. We denote by e = e(K ′/K) the ramification
index of K ′ over K. By Proposition 5.3.3(2), the tame degree function tdegK is
equal to 1 on Sk(E ). Multiplying θ with a suitable element in K×, we may assume
that it extends to a generator of the relative canonical bundle on the minimal
regular model of E. Then wtθ vanishes at the three vertices of multiplicity 1 in
Sk(E ), and it takes the value −1/3 at the unique vertex of multiplicity 3. Since
wtθ is affine along the edges of Sk(E ), we find that the image in Ean of the Shilov
boundary Sh(E⊗KK ′, θ⊗KK ′) consists of precisely three points, namely, the three
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(1/e)Z-integral points on Sk(E ) that lie closest to the unique point in Sk(E, θ) (see
Figure 6). Thus, as K ′ ranges through EtK , the pushforward of µE⊗KK′,θ⊗KK′ to
Ean converges to the measure 3λSk(E,θ), that is, the measure of mass 3 supported
at the unique point of Sk(E, θ). In the setting of Theorem 6.6.2(1), we find the
same limit measure 3λSk(E,θ) by replacing the exponent wtmin(E, θ) = −1/3 by
ordmin(X ⊗K K ′, θ ⊗K K ′) = −be/3c
e
in the definition of the measure νtθ,K′ (Definition 6.6.1).
1 
3 
1 1 
Figure 6. The skeleton of the minimal snc-model E of an elliptic
curve E of type IV over K. The vertices are labelled with
the multiplicities of the corresponding components in Ek. The
lattice length of each edge is equal to 1/3. For any volume form
θ on E, the skeleton Sk(E, θ) consists of the unique vertex of
multiplicity 3, which is wild if p = 3. The three marked points
in the interiors of the edges form the image of the Shilov boundary
Sh(E ⊗K K ′, θ ⊗K K ′) where K ′ is a tame finite extension of K.
If we set e = e(K ′/K), then the lattice distance from each point
in Sh(E ⊗K K ′, θ ⊗K K ′) to the vertex of multipicity 3 equals
1
3
− be/3c
e
.
In view of this example, it is natural to ask if, in the settings of Theorems 6.6.2(1)
and 7.3.1(2), one can recover an interesting limit measure supported on Sk(X, θ)∩
Xt, rather than the smaller set Skt(X, θ), by renormalizing the measures νtθ,K′ and
by studying the asymptotic behaviour of the Shilov measures µX⊗KK′,θ⊗KK′ over
tame finite extensions K ′ of K. However, the general picture seems to be more
intricate than this example suggests. It is difficult to construct examples beyond
the case of elliptic curves because it is not well understood which weighted graphs
may occur as skeleta of wildly ramified curves of genus ≥ 2. Nevertheless, basic
calculations on abstract graphs indicate that one can get different limit measures
as e(K ′/K) ranges over different residue classes modulo a suitable power of p.
We believe that this phenomenon is related to fundamental ramification invariants
introduced by Edixhoven [Ed92] and Chai and Yu [Ch00, CY01] and further studied
in [EHN15].
Another interesting question is whether one can formulate a convergence result
similar to Theorems 6.6.2 and 7.3.1 without assuming the existence of an snc-model
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for X, using de Jong’s results on the existence of alterations [dJ96]. We do not know
how to use alterations to prove that the weight function wtθ is bounded below on
the set of divisorial points in Xan. However, one can hope to retrieve the image of
the skeleton of the pullback of θ to a semistable alteration of X by studying the
asymptotic properties of Shilov measures. All of these questions will be investigated
in future work.
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